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Abstract 
Paraffin deposition is a severe challenge facing the oil and gas industry.  Wax deposition risks in 
oil production are usually characterized by the wax deposition rate, wax deposit thickness and 
hardness.  Research efforts have been dedicated to establishing modeling methodologies to 
predict the severity of wax deposition during oil production.  In this thesis, wax deposition 
modeling investigations were carried out in single-phase oil flow as well as water-oil two phase 
flow. 
Firstly, the existing “single-component” wax deposition model was enhanced to simulate the 
precipitation and deposition of paraffin molecules covering a wide range of carbon numbers.  
The enhanced model predicts the carbon number distribution of the wax deposit in addition to 
the deposit thickness.  For a waxy crude oil with a paraffin carbon number distribution covering 
C15 to C45, the enhanced model can predict the carbon number of the most abundant component 
in the deposit within an error of 2 carbon numbers.  The composition of the deposit provides 
insights to the hardness of the deposit as well as its responsiveness to polymeric inhibitors.
xxi 
Modeling methodologies were also established for wax deposition process in water-oil dispersed 
flow by analyzing the roles of the dispersed water droplets on the heat and mass transfer aspects 
of wax deposition.  NMR techniques were implemented to uncover and quantify the hindrance to 
wax molecular diffusion caused by dispersed water droplets.  It was discovered that the 
confusion about the wax diffusivity in water-oil dispersion in the industry can lead to 
underestimation of the wax diffusivity by as much as 300%.  Simulations also revealed the 
different impacts of the dispersed water phase on heat transfer in a laboratory set-up and in field 
operations.  Dispersed water droplets can also be entrapped in the deposit.  It was discovered 
experimentally that the water content of the deposit depends not only on the water content of the 
bulk but also the size of the droplets.  Incorporation of the droplets in the wax deposit lowers the 
yield strength of the deposit and causes the deposit to slough-off frequently during wax 
deposition.  In a laboratory flow loop test, the pressure drop across the test section increased by 
more than 10 psi during a single-phase wax deposition experiment.  However, the pressure drop 
did not increase by more than 5 psi due to frequent sloughing of the deposit when only 10 vol.% 
of water was dispersed in the oil phase. 
In contrary to the complex effects of the dispersed water phase on the heat and mass transfer 
characteristics of wax deposition from water-oil dispersed flow, the water phase has minimal 
impact on heat and mass transfer in water-oil stratified flow regime, as was discovered by wax 
deposition experiments. 
Eventually, the long-existing simplified wax deposition model assuming Newtonian fluid 
mechanics was enhanced to consider the non-Newtonian fluid characteristics.  A comprehensive 
workflow was established to perform hydrodynamics, heat and mass transfer as well as deposit 
formation simulations based on fundamental analysis with advanced Computational Fluid 
xxii 
Dynamics.  It was discovered that for a highly waxy (>15 wt.% wax) and thus highly non-
Newtonian crude oil, the wax deposit thickness predicted by the Newtonian model can be 1/3 
that of the thickness predicted by the non-Newtonian model.  Therefore, misuse of the 
Newtonian wax deposition model for highly waxy oils can lead to over-optimistic assessments of 




1.A Wax Deposition in Oil Transportation Pipelines 
Over 40% of the total energy consumed by the world is generated from oil while other sources 
for energy, e.g., coal, natural gas, biofuels, electricity etc., only contribute less than half of the 
energy contributed by oil1.  Surprisingly, renewable sources contribute less than 5% of the total 
energy consumed1.  Although there has been a persistent advocate to transit the energy 
dependence away from fossil fuels, crude oil continues to be a dominating source of energy.  The 
United States alone produces approximately 10,000,000 barrels of oil daily in order to meet the 
growing need for energy2.  Therefore, oil production is critical to the growth of economy.  
Consequently, research campaigns to tackle challenges associated with oil production, such as 
paraffin deposition, are of great economical value. 
Crude oil usually contains high molecular weight normal paraffins ranging from n-C16 to as high 
as n-C50+.  This family of molecules are also known as waxes
3.  Because of their ordered 
molecular structure, paraffin molecules can easily crystallize to form solids when temperature 
decreases.  The solubility of wax molecules in oil is a strong function of temperature4.  Paraffin 
molecules remain dissolved at reservoir conditions, e.g., pressure ranging from 8000 to 15000 
psi and temperature ranging from 70 to 150 °C5.  When temperature decreases, the concentration 
of the dissolved wax in oil reaches the solubility limit and consequently, wax molecules
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precipitate out of solution to form solid particles.  During oil transportation, heat loss from the oil 
flow to the ambient constantly occurs, leading to a gradual decrease of the oil temperature and 
subsequent wax precipitation.  The precipitated wax particles form an interlocking network with 
a “house-of-card” configuration4, shown in Figure 1-1. 
 
Figure 1-1: (a) A cross-polarized microscopic picture of an interlocking wax solid network; (b) A 
schematic of the “house-of-card”configuration of wax particles 
Such an entangled solid network of wax particles can trap a substantial amount of liquid oil and 
form a stationary gel on the pipe wall3.  Early researchers discovered that a waxy gel can 
surprisingly contain as less as 2-4 wt.% solid wax with the rest 98-96 wt.% of the gel being 
entrapped oil6,7.  Wax deposit can continue to grow and harden during oil transportation, 
reducing the effective pipeline diameter and posing severe risks to the pipeline.  Figure 1-2 






Figure 1-2: A pipe cross section with a significant amount of wax deposit attached to the pipe wall 
and a very limited effective diameter 
Under extreme circumstances, wax deposition can even clog the pipeline completely, leading to 
abandonment of oil fields and loss of hundreds of millions of dollars8.  The reduction in the 
effective diameter of oil transportation pipelines requires increased pump power to maintain a 
prescribed production rate, generating uneconomical operational costs of oil production.  In order 
to maintain safe and cost-efficient production, the wax deposit needs to be remediated by 
pipeline heat tracing9, injection of wax inhibitors and/or pour point depressants10 and/or 
mechanical removal11, further worsening the financial burden of oil production.  For example, 
Figure 1-3 shows the operational cost associated with typical pigging operations to mechanically 
scrap deposit off the pipe wall11. 
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Figure 1-3: Cost of pigging operation as a function of pigging frequency 
As oil production gradually moves from on-shore to off-shore, wax deposition becomes more and 
more common as oil pipelines of tens of kilometers in length need to sit on the sea bed at 4 °C, 
shown in Figure 1-4. 
 
Figure 1-4: Offshore oil production with oil pipelines sitting on the sea bed and gradually cooled by 



































Consequently, wax deposition has become a challenge facing the oil and gas industry globally.  
Figure 1-5 shows the distribution of reported wax deposition issues around the world  
 
Figure 1-5: An overview of locations around the world where wax deposition issues were reported 
This thesis is dedicated to advancing our understanding of the wax deposition phenomena from 
multiple aspects and presenting important knowledge and tools to assess and tackle wax deposition 
issues. 
1.B Overview of the Wax Deposition Process and Modeling 
Wax deposition models have been developed to predict the growth of wax deposit during oil 
production.  Such prediction is of great value for the design of wax remediation operations.  For 
example, the pigging operation is usually implemented to mechanically remove the wax deposit 
attached to the inner surface of the pipe.  Excessively frequent pigging operations are costly 
while insufficient pigging can lead to complete clogging of the pipeline.  Therefore, it is 
important to determine an appropriate pigging frequency during oil production.  A pigging 
operation is usually implemented when the deposit thickness reaches a threshold.  The accepted 
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threshold varies from different oil producers but is usually on the order of 2 millimeters.  Wax 
deposition models can be used to predict the time it takes for the deposit to grow to this threshold 
thickness and thereby providing guidance to the design of pigging operations. 
Based on the investigations carried out since early 1980s, multiple mechanisms causing wax 
deposition, including molecular diffusion, shear dispersion, Brownian diffusion and gravitational 
settling, have been proposed12.  Follow-up experimental investigations have confirmed that 
among these proposed mechanisms, molecular diffusion is the main mechanism of wax 
deposition3.  According to the molecular diffusion mechanism, wax deposition occurs via the 
following three steps: 
 Precipitation of wax at the pipe wall 
 Radial diffusion of wax from the bulk towards the deposit interface 
 Internal diffusion of wax into the deposit layer 
Wax deposition is initiated by precipitation of wax at the pipe wall to form an incipient layer of 
deposit.  The heat loss of the oil flow to the ambient causes the temperature drop of the oil flow, 
leading to precipitation and initiation of wax deposition.  In order to model the heat loss and 
predict the pipe wall temperature, wax deposition models numerically solve the heat transfer 
governing system, shown in Equations (1-1)- (1-2).  It should be noted that Equation (1-1) is a 
simplified version of the unsteady state conduction-convection equation under the pseudo-steady 
state assumption that a steady state temperature profile can be reached rapidly given the relative 
fast heat transfer compared to the slow deposit growth process.  A detailed analysis on the 
validity of the pseudo-steady state assumption is included in Appendix A. 
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Precipitation of wax molecules and formation of an incipient gel deposit on the pipe wall creates 
a radial concentration gradient of the dissolved wax in oil, resulting in a net radial diffusive flux 
of wax.  The radial diffusion of wax can be modeled by solving the mass transfer governing 
system, shown in Equations (1-3)- (1-4). 
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Two extreme cases were considered for the rate of precipitation, i.e., no precipitation of wax in 
the bulk and instantaneous precipitation of wax in the bulk.  In order to represent these two 
limiting cases, the bulk precipitation rate constant is set to two limiting values, i.e., zero and 
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A fraction of the wax molecules reaching the deposit-fluid interface via molecular diffusion 
precipitate on the deposit-fluid interface, causing the deposit to grow towards the centerline of 
the pipe.  Simultaneously, some wax molecules continue to diffuse into the deposit that has 
already formed, causing the wax deposit to harden.  The growth of the deposit generated by the 
radial diffusive flux reaching the fluid-deposit interface is calculated with Equation (1-6). 
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The increase of the wax content of deposit due to internal diffusion of wax can be calculated 
using Equation (1-7). 
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The aforementioned numerical calculations are compiled in the premium wax deposition model, 
i.e., the Michigan Wax Predictor (MWP) through four Ph.D. theses3,8 ,13,14.  The MWP can 
generate reliable predictions for the change of deposit thickness and wax content over time3,13, as 
well as the change of deposition rate with varying operating conditions14.  The MWP has been 
accepted as the most theoretically advanced wax deposition model available to the oil and gas 
industry. 
1.C Imperative Enhancements to Wax Deposition Models 
Although a substantial volume of wax deposition research has been generated over the past 
decades, there are still non-negligible gaps between the wax deposition models developed by the 
academia and the needs from oil producers.  Several imperative enhancements that will help 
close this gap between academic investigations and field applications are discussed in this 
section. 
Firstly, existing wax deposition models lump all precipitating normal paraffin molecules into one 
single pseudo-component.  However, precipitating wax usually covers a wide range of carbon 
numbers.  It should be noted that the carbon number of the wax depositing in the wellbore tubing 
can be significantly different from the deposit in the transport pipeline.  Wax with different chain 
lengths requires different remediation strategies.  For example, wax with certain lengths are 
responsive to polymeric inhibitors while others are not.  As a result, prediction of the carbon 
number distribution of depositing wax can provide additional guidance during the design of wax 
remediation operations.  Unfortunately, existing wax deposition models cannot generate this 
prediction due to the lumping of wax molecules into a single pseudo-component.  Consequently, 
there is a need to enhance the existing wax deposition models to enable the prediction of the 
carbon number distribution of the deposit. 
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Secondly, contemporary wax deposition models have been developed based on single phase oil 
flow.  It should be noted that multiphase flow is commonly encountered during real-world oil 
production.  Consequently, it is difficult (if possible) to directly apply an existing wax deposition 
model to simulate real field productions.  Among the relevant multiphase flow regimes in oil 
production, water-oil two phase flows continue to gain interests from the industry as the water 
content of the production stream increases as time elapses.  For example, the Daqin oil field in 
China produces as much as 90 % of water together with 10% of oil15.  As a result, there is an 
imperative need to advance the understanding of wax deposition in presence of water and 
develop modeling methodologies that consider the co-produced water. 
Thirdly, the effect of the complex rheology of waxy crude oil on wax deposition has been long 
neglected during the previous development of wax deposition models.  It should be noted that the 
wax-in-oil suspension due to wax precipitation possesses non-Newtonian fluid characteristics, 
including plasticity and shear thinning.  Such non-Newtonian characteristics can affect the 
modeling of hydrodynamics, heat and mass transfer as well as deposit growth rate.  The impact 
of non-Newtonian fluid characteristics on wax deposition is expected to be significant when the 
oil of interest has a high wax content, e.g., the Mangala crude oil from India16, the Black Wax 
Crude from Utah17, etc. 
The aforementioned complexities prevent the direct application of existing wax deposition 
models to field-scale wax deposition modeling.  These complexities are addressed in this thesis. 
1.D Research Objectives and Thesis Overview 
The goal of this thesis is to advance our understanding of wax deposition beyond established 
knowledge on the heat and mass transfer characteristics of single phase oil flow.  Such 
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advancements will close the gap between academic wax deposition modeling investigations and 
analysis for real-world wax deposition issues during oil and gas productions. 
Chapter 2 focuses on the prediction of deposit carbon number distribution in wax deposition 
modeling.  This predication is achieved by combining the most advanced wax deposition model, 
the Michigan Wax Predictor with the most theoretically comprehensive thermodynamic model, 
the Coutinho’s model18.  The algorithm to predict the carbon number distribution of the deposit 
is validated by comparing the predictions with results from lab-scale flow loop wax deposition 
experiments.  This enhancement will provide additional insights to understand the mechanical 
properties of wax deposit, which in turn depends on the carbon number distribution of the 
deposit.  In addition, predicted carbon number distribution of the depositing wax can guide the 
selection of wax inhibitors to target these waxy components and achieve optimal inhibitor 
efficacy.  Chapter 3 – Chapter 6 are dedicated to both experimental and modeling investigations 
of wax deposition in water-oil two phase flows.  Chapter 3 studies wax deposition in water-oil 
stratified flow.  Wax deposition experiments were performed with the state-of-the-art flow loop 
apparatus.  The role of the stratified water on wax deposition was uncovered.  Chapter 4 - 
Chapter 6 are dedicated to analyzing wax deposition in water-in-oil dispersed flow.  Chapter 4 
provides a fundamental characterization of the diffusion characteristics of wax in water-in-oil 
dispersion.  This experimental characterization clears the persistent confusion in literature about 
the modeling of wax diffusion in water-in-oil dispersion.  Chapter 5 presents a comprehensive 
heat and mass transfer analysis on wax deposition from water-in-oil dispersed flow.  A wax 
deposition model for water-in-oil dispersed flow was developed and validated by comparisons 
between lab-scale wax deposition experiments and model predictions.  Further experimental 
investigations on wax deposition from water-in-oil dispersions were carried out in Chapter 6.  
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The phenomena of droplets entrapment by deposit formation was characterized experimentally.  
The impact of entrapped droplets on the rheological properties of the resulting deposit and the 
subsequent sloughing of deposit is presented, which serves as considerations beyond heat and 
mass transfer analysis during the assessment of wax deposition risk from water-in-oil dispersed 
flow.  Chapter 7 presents the incorporation of non-Newtonian fluid mechanics of waxy crude oil 
on wax deposition modeling.  Non-Newtonian fluid characteristics are expected to complicate 
the modeling of hydrodynamics, heat and mass transfer as well as deposit growth.  Such 
complication is non-negligible when the oil of interest contains a substantial amount of wax.  
Incorporation of the non-Newtonian fluid mechanics leads to the development of a next-
generation wax deposition model, which can generate reliable wax deposition rate predictions in 
a real-world field pipeline.
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Chapter 2 
Effects of Operating Conditions on Wax Deposit Carbon Number 
Distribution: Theory and Experiment 
2.A Introduction 
Wax deposition in subsea oil pipelines is a significant economic problem in petroleum industry 
because it can lead to a reduction in oil production, pipeline shutdown, increased operational 
costs and Health, Safety and Environment problems13,19–21.  In extreme cases, the pipeline may 
become completely plugged by the wax deposit, requiring the plugged portion of the pipeline to 
be removed and replaced in order for the production to continue22.  In most cases, remediation 
operations are periodically conducted to maintain the crude oil transport in subsea pipelines.  
One of the most conventional remediation techniques is called “pigging” where an inspection 
gauge, also known as “pig”, is sent into the pipeline to scrape off the wax23.  In the case of 
“pigging”, it is vital to determine a pigging frequency because the cost of “pigging” increases 
exponentially as the pigging frequency increases11.  Insufficient pigging frequency can result in 
the buildup of a thick wax deposit that causes the pig to get stuck. The only way to remove this 
blockage is to send divers down to replace the pipe section with the stuck pig at a cost of several 
million dollars11.  Knowledge of deposition rate is critical in order for one to determine a suitable 
pigging frequency.  In the past decade, multiple wax deposition models have been developed for 
the prediction of deposition rate and to provide recommendations on pigging frequency21,24–29.
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In addition to the wax deposition rate, the wax’s rheological properties, specifically the yield 
stress of the deposit is also an important element in pigging operations.  The force generated by 
the pig needs to overcome the deposit yield stress in order to remove the deposit.  Therefore, as 
the deposit yield stress increases, it becomes more difficult to remove the deposit with pigging30. 
The deposit yield stress depends on deposit’s carbon number distribution.  In a study by Senra et 
al. using model mixtures, it was found that [2% n-C32+ 2% n-C36] in C10 produces a much 
weaker deposit than [2% n-C28+2% n-C36] in C10 because of the co-crystalization of C32 and 
C36
31.  More recently, Bai and Zhang reported that the variation in the n-paraffin distribution 
with a wide range of carbon numbers (C17-C55) can significantly change the deposit yield 
stress32.  Consequently, the knowledge of deposit carbon number distribution forms the basis for 
the estimation of the deposit yield stress and thus is potentially important to pigging design. 
Understanding the evolution of deposit carbon number distribution during wax deposition 
requires fundamental knowledge of the mechanism by which the deposit is formed.  It is widely 
accepted that molecular diffusion is the main mechanism responsible for deposit 
formation20,21,24,25,27,28,33–35.  In the molecular diffusion mechanism, wax, chemically known as n-
alkane, precipitates at the pipe wall when the surface temperature is below the wax appearance 
temperature.  The precipitated wax crystals form a gel network with oil trapped by the wax.  
Precipitation of n-alkane molecules creates a concentration gradient in the boundary layer for 
each of the diffusing wax components. The resulting concentration gradients from the bulk 
towards the wall drive more molecules to diffuse towards the wall to form deposit.  Depending 
on the carbon number, different n-alkanes will have different physical properties, e.g. solubility 
and molecular diffusivity, and thus can have different mass transfer and precipitation 
characteristics.  This variation in characteristics for different n-alkanes could potentially cause a 
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distribution of n-alkanes in the deposit formed by molecular diffusion of multiple n-alkane 
components. 
While the deposit thickness has been extensively studied in the past few decades, much fewer 
investigations have been carried out on the composition of the wax deposit on the pipe wall. In 
this study, an unprecedented extensive analysis on the carbon number distribution (CND) of the 
wax deposit was carried out. 
In this study, the Michigan Wax Predictor (MWP)26–28, a fundamental wax deposition model 
based on the mechanism of molecular diffusion is used to model the diffusion and deposition of 
multiple n-alkane components and to study the deposit carbon number distribution.  For the first 
time, the critical factors that affect the deposit carbon number distribution are identified from 
fundamental thermodynamic and transport modeling.  The identified critical factors are verified 
by flow-loop experiments.  A modeling approach is developed based on the Michigan Wax 
Predictor in order to predict the carbon number distribution in wax deposit.  The prediction of 
carbon number distribution from MWP can potentially provide insights for pigging design. 
2.B Fundamentals of Transport Modeling Using the Michigan Wax 
Predictor (MWP) 
In this section, the fundamental equations used by the MWP to model mass transfer of wax from 
the liquid bulk towards the wall/interface are briefly revisited 26–28.  Additionally, the method of 
incorporating Coutinho’s thermodynamic model into the MWP to simulate the mass transfer of 
multiple species is developed. 
The MWP numerically solves the fundamental transport equation, shown in Equation (2-1) , with 
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Based on the predicted concentration profiles, the MWP calculates the mass flux of wax towards 
the wall/interface and then predicts the deposition rate.  It has been shown in previous studies26–
28 that the MWP provides reliable predictions for: 
 The magnitude of wax deposition rate 
 The effects of operating conditions  
However, in the previous studies based on MWP26–28, n-alkanes with different carbon numbers 
were lumped into one pseudo-component, termed as “wax”.  Because of this lumping, it was 
impossible to resolve the mass transfer of different species and thus impossible to predict the 
deposit carbon number distribution. A prediction of the carbon number distribution in the deposit 
is possible using the MWP by modeling the mass transfer of each component. 
The fundamental transport equation and boundary conditions shown in Equations (2-1)-(2-2) are 
universally applicable to the modeling of mass transfer for all species.  However, the following 
species-dependent mass transfer characteristics need to be accounted for: 
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 Different molecular diffusivities of n-alkanes with different chain lengths 
 Different inlet and wall concentration boundary conditions of n-alkanes due to different 
solubility 
Species-dependencies are emphasized with the subscript i in the terms in the transport equation 
and the boundary conditions, resulting in Equations (2-3)-(2-4). 
 






























  (2-4) 
These modifications to the current MWP incorporate the aforementioned two species-dependent 
characteristics of diffusivity and solubility, and will be discussed separately in more detail in the 
following sub-sections. 
2.B.1 Molecular Diffusivities of n-Alkane Molecules with Different Chain Lengths 
In the modeling of molecular diffusion of multiple components, the difference in diffusivities 
due to the difference in molecular sizes needs to be considered.  As the chain length increases, 
the molecular diffusivity decreases due to the increasing bulkiness of the molecules.  In order to 
be consistent with the previous studies based on the MWP, the Hayduk-Minhas equation36 is 
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One notes in Equation (2-5) that the effect of molecular size on diffusivity is taken into 
consideration by the molecular volume term, VA,i, and that a larger molecular volume results in a 
smaller diffusivity. 
2.B.2 Concentration Boundary Conditions at Inlet and Wall 
It is assumed that the concentrations of species at the inlet and the wall are in thermodynamic 
equilibrium at the inlet and wall temperatures respectively.  The liquid phase equilibrium 
concentration of a particular n-paraffin species n-CiH2i+2 depends on the total amount of n-
CiH2i+2 in the crude oil and its solubility at a particular temperature. As a result, the equilibrium 
concentrations of components, n-CjH2j+2 (j ≠ i) will be different from each other.  Consequently, 
the inlet and wall concentration boundary conditions for each n-alkane component need to be 
specified individually.  A thermodynamic model is needed to calculate the equilibrium 
concentrations.  Among the existing thermodynamic models18,37,38, Coutinho’s thermodynamic 
model is the most comprehensive one because it considers both the liquid phase and solid phase 
non-idealities.  Consequently, Coutinho’s thermodynamic model was chosen for this study.  It 
should be noted that branched and cyclic components were not included in thermodynamic 
modeling as they have melting points lower than their normal isomers with the same carbon 
number and thus does not precipitate.  Details regarding the equations used by Coutinho’s model 
are discussed in the previous studies by Coutinho and are summarized in Appendix B. 
With the species-dependent diffusivities and concentration boundary conditions incorporated, the 
MWP can now be used to model the diffusion of multiple n-alkane components and provide 
predictions for the deposit carbon number distribution. 
19 
2.C Experimental 
Flow-loop experiments were performed using a North Sea crude oil (Oil S) on a pilot-scale flow-
loop at the Herøya Research Center of Statoil ASA in Porsgrunn, Norway.  Deposits formed 
under different operating conditions were collected and the deposit carbon number distributions 
were measured to verify the results obtained from theoretical analysis.  A detailed analysis of 
these experiments is discussed below. 
2.C.1 Crude Oil Characterization 
2.C.1.a  Compositional Information 
The composition of the oil needs to be determined by experiments in order to be used as input to 
Coutinho’s model.  The following two distributions can be used to characterize the oil 
composition for the purpose of predicting wax precipitation characteristics: 
 The Single Carbon Number (SCN) distribution: A single carbon number fraction with 
carbon number i includes branched paraffin, cyclic paraffin, aromatics and n-paraffin 
with carbon number i.  Therefore, the molecular formula of the components in SCN with 
carbon number i can be written as CiHj, where j = 2i+2 represents paraffinic components 
and j ≠ 2i+2 represents the un-saturated fractions. 
 The n-paraffin distribution: the mole/mass fraction of only n-paraffin, n-CiH2i+2, as a 
function of carbon number i 
The “SCN distribution” provides information regarding the total amount of hydrocarbon 
components CiHj (including both n-paraffin and non-n-paraffin with carbon number i) contained 
by the oil.  Only the n-paraffin (n-CiH2i+2) portion of component CiHj can precipitate.  For a 
typical crude oil, the non-normal n-paraffins usually do not precipitate as their melting points are 
usually significantly lower than the n-paraffin with the same carbon number. In this study, both 
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the SCN distribution and the n-paraffin distributions of the oil were measured using a Hewlett-
Packard 6890A HTGC equipped with capillary column coated with DB-1.  Figure 2-1 shows the 
measured SCN composition along with the n-paraffin distribution of Oil S. 
 
Figure 2-1: Composition of the crude oil including n-paraffin distribution of Oil S measured by 
HTGC 
It should be noted that n-paraffin species with carbon numbers lower than 15 have melting points 
lower than 5 °C and thus usually do not precipitate39,40.  Therefore, it is not necessary to 
differentiate between n-paraffin and non-n-paraffin for C15- components and as seen from Figure 
2-1 that the n-paraffin distribution is not measured for C15- components. 
2.C.1.b  Wax Precipitation Information 
Wax precipitation information of North Sea Oil S, shown Table 1, was measured experimentally 
in the study by Hoffmann and Amundsen39. The wax precipitation information obtained from 
these experiments will be compared with predictions with Coutinho’s model in order to verify 
the applicability of Coutinho’s model to Oil S. 
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Table 2-1: Summary of wax precipitation information obtained from experiments39,40 
 
It should be noted that the measured temperature-solubility curve and the composition of the 
solid cakes will be presented later when compared with predictions by Coutinho’s model. 
2.C.1.c  Physical Properties 
Physical properties of the oil that are important to heat and mass transfer include viscosity, 
thermal conductivity and heat capacity.  These properties of Oil S were either measured or 
estimated.  The viscosity of Oil S was measured with a Physica MCR 301 rheometer and the 
results are shown in Figure 2-239. 
 
Figure 2-2: Viscosity curve of Oil S measured by rheometer 
 
Property Method Value 
Wax Appearance 
Temperature 
Cross-Polarized Microscope 30°C 
Wax Content 





Instruments centrifuge (model 
L8-70) and Hewlett-Packard 
6890A HTGC equipped with a 
CPSimDist Ultimetal column 
Discussed in detail in 
later sections 
Composition of Solid Cakes 
Obtained from Precipitation 
Experiments 
HTGC, Hewlett-Packard 6890A 
HTGC equipped with a 
CPSimDist Ultimetal column 





















The thermal conductivity and heat capacity were estimated based on the density of the oil, 809 
kg/m3 using Perry’s handbook41.  Table 2-2 summarizes the estimation for thermal conductivity 
and heat capacity. 
Table 2-2: Estimation for oil thermal conductivity and heat capacity 
 
2.C.2 Flow Loop Experiments 
A series of flow-loop experiments were performed using the pilot-scale flow-loop at the Herøya 
Research Center of Statoil ASA in Porsgrunn, Norway shown schematically in Figure 2-339. 
 
Figure 2-3: The layout of the flow-loop apparatus at Statoil ASA in Porsgrunn 
After each deposition experiment, the flow was first stopped and N2 was blown through the test 
section to remove residual oil adhered to the deposit surface.  The deposit was then collected 
from a removable spool piece and characterized by gas chromatography.  Other details regarding 
the procedures of flow-loop experiments were provided in a previous study by Hoffmann and 
Amundsen39. 
Property Value 
Oil Thermal Conductivity 0.13 W/m/°C 
Oil Heat Capacity 2100 J/g/°C 
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2.D Results and Discussions 
2.D.1 Verification of Application of Coutinho’s Model to North Sea Crude Oil S 
As boundary conditions, the concentrations at the inlet and the wall are specified to be equal to 
the equilibrium concentrations predicted by Coutinho’s model.  Therefore, it is necessary to 
verify that for the particular crude oil in this study, Coutinho’s model provides reliable prediction 
for the wax precipitation characteristics including: 
 precipitation curve  
 composition of the precipitated solid 
The composition of the crude oil will be used as the input to Coutinho’s model and thus needs to 
be available from experimental measurements. 
In this study, the mole fraction of each alkane component (including normal paraffin and 
isomers) as well as the n-paraffin fraction of each alkane component was measured by HTGC, as 
was previously shown in Figure 2-1. 
Figure 2-1 shows both the mole fraction hydrocarbon components and their n-paraffin fractions 
that were measured up to C36.  However, for components with carbon number greater than 36, 
the accuracies of the measured mole fractions and n-paraffin fractions become susceptible to 
experimental errors due to the low absolute amounts of the C36+ fractions (<~ 0.02 mol%).  On 
the other hand, wax precipitation characteristics in terms of the precipitation curve and the 
composition of the precipitated solid phase are sensitive to the heavy end composition because 
heavy components are the first to precipitate as temperature falls below the WAT37.  
Consequently, the mole fractions of the C36+ components and the corresponding n-paraffin 
fractions need to be properly estimated and included in thermodynamic modeling so that model 
predictions better represent the actual crude oil precipitation characteristics. 
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Based on field experience, Pederson et al. suggested extrapolating the SCN and n-paraffin 
distribution of the heavy end to a certain limiting carbon numbers by assuming that the amount 
of hydrocarbon component CiHj and n-paraffin n-CiH2i+2 decreases logarithmically as the carbon 
number i increases.  Pedersen’s method of extrapolation has provided satisfactory modeling 
results for multiple crude oils42.  Pedersen’s method was used to estimate the mole fraction and 
n-paraffin fraction for components with carbon numbers greater than 36.  On the other hand, the 
computational intensity increases as more C36+ components are included in modeling. For each 
alkane component n-CiH2i+2, the MWP solves a 2-D mass transport equation to determine its 
concentration profiles.  Therefore the number of equations that need to be solved increases as the 
upper limit of extrapolation increases.  Moreover, a sensitivity analysis showed that for the 
particular crude oil in our study, including C50+ alkane components in thermodynamic modeling 
affects the predicted precipitation curve by less than 0.1%.  Consequently, extrapolation of the 
heavy end composition is performed only up to C50 while C50+ components are not included in 
modeling.  Figure 2-4 shows the composition of the oil with the mole fractions of C36-C50 
components extrapolated using Pedersen’s method. 
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Figure 2-4: Extrapolation of SCN composition and n-paraffin distribution by assuming a 
logarithmic decrease in mole % as a function of carbon number 
Based on the composition shown in Figure 2-4, the solubility curve was predicted and compared 
with the solubility curve measured by the Centrifugation/HTGC method by Han et al.40, as is 
shown in Figure 2-5. 
 
Figure 2-5: Predicted precipitation curve in comparison with measure precipitation curve 
It should be noted that uncertainties exist in the procedures to obtain both the predicted and the 
experimentally measured solubility curve.  For example, the crude oil composition used as the 
input for solubility curve predictions can vary depending on the integration method used to 
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obtain the mole fraction of the alkane components based on gas chromatography.  The 
uncertainties in the oil composition can thus cause as a much as 2 wt.% difference in the 
predicted solubility curve43.  Due to the likely uncertainties, absolutely no tuning was performed 
and as can be seen from Figure 2-5, the predicted precipitation curve is in close agreement with 
the measured precipitation curve.  It should be pointed out that accurate prediction of the 
precipitation curve indicates Coutinho’s model can accurately predict the total amount of all 
precipitating n-alkane, n-CiH2i+2 that has precipitated at a particular temperature, i.e.
i 2i+2n-C precipitatedi H ,
(%)w .  However, the purpose of incorporating Coutinho’s model in the MWP 
is to specify boundary conditions for all diffusing n-alkanes.  Therefore, it needs to be further 
verified that Coutinho’s model can predict the amount of precipitation for each precipitating n-
alkane, n-CiH2i+2, i.e. each
i 2i+2n-C precipitateH , d
(%)w .  This further verification was carried out by 
comparing the predicted and experimentally measured composition of the precipitated solid 
phase.  Figure 2-6 shows the measured composition of the solid cake at different temperature. 
 
Figure 2-6: Measured composition of the solid cake obtained at 5°C, 10°C 20°C and 30°C 
However, it should be noted that the carbon number distribution of the centrifuged solid cake 
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liquid oil is entrapped as the solid cake forms and therefore cannot be removed by 
centrifugation40. 
Consequently, in order to obtain the “true” composition of the precipitated solid phase, oil 
composition is subtracted from the cake composition. The procedure of obtaining the “true” 
composition of the precipitated solid was previously used by Hoffmann et al.39, and is explained 
in detail in Appendix C.  Figure 2-7 shows the “true” composition of the precipitated solids 
phase. 
 
Figure 2-7: "True" precipitated solid phase composition at temperatures, T = 5 °C, 10 °C, 20 °C 
and 30 °C 
Two trends can be observed from the measured solid phase composition: 
 At a particular temperature, as carbon number i increases, the weight fraction of n-CiH2i+2 
first increases, reaches a maximum then decreases. 
 As temperature increases, the peak in the carbon number distribution shifts towards 
greater carbon number. 
It should be noted that the first trend characterizes the relative amount of n-CiH2i+2 that 
precipitates at a particular temperature. The second trend characterizes the effect of temperature 
on the overall deposit carbon number distribution. 
Figure 2-8 shows the comparison between predicted solid composition and the solid phase 























































Figure 2-8: Predicted solid compositions at 5°C, 10°C, 20°C and 30°C in comparison with measured 
composition 
It should be emphasized that Coutinho’s thermodynamic model does not contain adjustable 
parameters that allow tuning to produce exact matches between model predictions and 
experimental data.  Consequently, absolutely no tuning was performed in this study in order for 
the predicted carbon number distribution to closely match the measured carbon number 
distribution. 
As can be seen from Figure 2-8, Coutinho’s model predicts consistent trends in the weight 
fractions compared with that obtained by experimental measurements. 
Consequently, Coutinho’s model can be used to accurately specify the boundary conditions.  
Using the composition of the oil as model input, the liquid phase equilibrium concentration for 
each component is calculated using Coutinho’s thermodynamic model.  The resulting liquid 


























































2.D.2 Identifying the Dominant Factors in the Deposit CND Evolution – Part I: Theoretical 
Analysis 
The evolution of the carbon number distribution in the wax deposit is a result of the differences 
in the mass fluxes of different components to the interface.  The components with larger mass 
fluxes towards the wall/interface are expected to be more enriched in the deposit compared with 
those components with relatively lower mass fluxes.  The difference in the diffusive mass fluxes 
for different components is due to the differences in: 
 Concentration driving force 
 Diffusivity 
Differences in mass fluxes caused by the differences in concentration driving force and the 
differences in the diffusivities can be quantified separately by first de-dimensionlizing the 
transport equations. The ratios as defined in Equation (2-6) were used to de-dimensionalize the 
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wax,bulk  = the concentration of dissolved wax in the bulk,( / )
 =is the average velocity of the bulk fluid,( / )
 =is the length of the entire test section,( )
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Based on the defined de-dimensionalized ratio shown in Equation (2-6), the mass flux of each 






wax,i = the diffusive mass flux of wax,( / / )J kg m s  
 
As can be seen from Equation (2-9), three terms are separated from each other and the potential 
variations in these three terms caused by varying diffusivity and concentration driving force are 
summarized in Table 2-3. 
Table 2-3: Summary of potential variation in Terms 1, 2 and 3 caused by varying diffusivity and 
concentration driving force 
 
It is apparent that Term 2 only changes with diffusivity and Term 3 only changes with 
concentration driving force.  Although listed in Table 2-3, it is not so apparent at this point why 








 is calculated by evaluating the gradient of the solution profiles of the de-
dimensionalized transport equations.  In addition, one notes that the solution profiles of the de-
dimensionalized transport equations are independent of both Cwax,i,bulk and Cwax,i,interface.  
Consequently, Term 1 only changes with the diffusivity. 









Term 1 Term 2 Term 3









Term 2: Dwo,i/R Diffusivity 
Term 3: Cwax,i,bulk -Cwax,i,interface Concentration driving forces 
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By separately investigating the variation in Terms 1, 2 and 3 as the carbon number changes, one 
can study whether the resulting change in diffusivity or the concentration driving forces 








evaluated for a base case with Qoil = 5m
3/hr, Toil = 25°C and Tcoolant = 5 °C.  Using this set of 
input operating conditions, de-dimensionalized concentration profiles for each component was 
obtained by numerically solving the transport equations using the MWP.  Figure 2-9 shows the 
predicted de-dimensionalized radial concentration profiles for components with carbon numbers 
ranging from 20 to 50 with an interval of 5 carbon numbers. 
 
Figure 2-9: De-dimensionalized radial concentration profiles 








.  It can be seen from Figure 2-9 that for the n-alkane components with 
carbon number ranging from 20-50, the variation of ∂θ/∂η is within 7%.  Therefore, one can 
conclude that the difference in Term 1 caused by the difference in diffusivities does not result in 



































∂θ/∂η = -840 60 
( 7% rela. Difference)
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by evaluating the product of the two remaining terms in the expression to calculate mass flux: 
and wax,i,bulk wax,i,interface( )C C . 
The variation in Term 2: ( wo,i /D R ) is due to the variation in molecular diffusivity.  Figure 2-10 
shows the variation in molecular diffusivity as carbon number i varies. 
 
Figure 2-10: Variation in molecular diffusivity, Dwo,i, as a function of carbon number 
It is seen from Figure 2-10 that molecular diffusivity varies by a factor of 2 as carbon number 
increases from 15 to 50. 
In order to calculate Term 3, wax,i,bulk wax,i,interface( )C C , Coutinho’s model was first used to 
calculate Cwax,i,bulk (at To,bulk) and Cwax,i,interface (To,interface) individually.  Term 3 was then 
determined by calculating the difference between Cwax,i,bulk and Cwax,i,interface.  Figure 2-11 shows 
the variation of Term 3, the concentration driving force: wax,i,bulk wax,i,interface( )C C  as a function of 























Figure 2-11: Bulk and wall concentration differences for different n-alkane components 
According the study by Singh et al., a critical carbon number (CCN) exists such that components 
having carbon number greater than CCN diffuse towards the interface/wall while those having 
carbon number less than CCN diffuse away from the interface/wall44.  The CCN in this study 
was determined by comparing the relative magnitudes between Cwax,i,bulk and Cwax,i,interface.  
Cwax,i,bulk > Cwax,i,interface indicates a concentration gradient for diffusion towards the wall/interface 
while Cwax,i,bulk < Cwax,i,interface indicates counter-diffusion away from the interface/wall.  
Consequently, the CCN should satisfy the following two conditions: 
 For i < CCN, Cwax,i,bulk < Cwax,i,interface 
 For i > CCN, Cwax,i,bulk > Cwax,i,interface 
The CCN in this model case is determined to be at 22.  The concentration difference 
wax,i,bulk wax,i,interface( )C C  for n-alkanes with a carbon number lower than 22 are not shown in the 
figure because they diffuse away from the wall/interface and therefore are not responsible for 
deposit formation44. 
It is seen from Figure 2-11 that as the carbon number increases, the concentration driving force 
first increases, reaches a maximum and then decreases.  This trend in the concentration driving 





















































































For a particular n-paraffin, n-CiH2i+2, the concentration driving force, wax,i,bulk wax,i,interface( )C C  is 
determined by the following two factors: 
 The solubility limit of n-CiH2i+2 precipitated at the wall, quantified by Cwax,i,interface 
 The concentration of molecules available for diffusion in the liquid phase, Cwax,i,bulk 
Cwax,i,interface decreases as i increases because  n-CiH2i+2 has a lower solubility as i increases.  
Therefore, one might expect as carbon number i increases, the concentration driving force for 
molecular diffusion also increases.  However, as carbon number increases, Cwax,i,bulk also 
decreases because the oil contains less n-CiH2i+2 as i increases.  Consequently the difference, 
wax,i,bulk wax,i,interface( )C C , first increases then decreases as i increases. 
Moreover, the concentration driving force varies over 5 orders of magnitude as the carbon 
number varies from 20 to 50. 
One notes that the product of Term 2, (Dwo,i/R), and Term 3, wax,i,bulk wax,i,interface( )C C , as shown 
in Equation (2-10), Jwax,i, 
 wo,i




   (2-10) 
was previously defined by Huang et al.27 as the “characteristic mass flux” of wax deposition.  
Based on the previous findings, one can compare the relative magnitude of wax deposition rate 
by comparing the characteristic mass fluxes among experiments. Similarly, we here compare the 
characteristic mass fluxes of different components in any give experiment to evaluate the relative 
contributions of different components to wax deposition. 
Figure 2-12 shows the calculated characteristic mass fluxes for different components aligned 
with the variation in concentration driving forces. 
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Figure 2-12: The characteristic mass flux in comparison with the concentration driving force 
One notes that as the carbon number increases, the trend in mass flux is virtually identical to the 
trend in the concentration driving force.  Therefore, the concentration driving force as a function 
of carbon number i can be used to evaluate the relative magnitude of the mass fluxes of the 
different components and thus can be correlated to the deposit carbon number distribution. 
From this point on, the concentration driving force as a function of carbon number i is defined as 
the “concentration driving force distribution” (ΔC distribution).  Additionally, in order to better 
represent the relative magnitude of the concentration driving forces for different components, the 
“ΔC distribution” can be normalized by dividing each ΔCi by the sum of all the concentration 
driving forces, ∑ΔCi, resulting in a “normalized ΔC distribution”.  The conclusion that the CND 
in the deposit is closely related to the “normalized ΔC distribution” was verified based on flow 




















































































































































































2.D.3 Identifying the Dominant Factors in the Evolution of Deposit CND– Part II: Experimental 
Verification 
2.D.3.a  Similar “Normalized ΔC Distributions” Lead to Similar Deposit Carbon Number 
Distributions 
The theoretical analysis presented in the previous section showed that the deposit carbon number 
distribution can be correlated to the “normalized ΔC distribution”.  Consequently, experimental 
conditions resulting in similar “normalized ΔC distributions” are expected to produce similar 
carbon number distribution in the deposit, even though the operating conditions are different. 
Table 2-4 summarized two sets of operating conditions that produce similar deposit carbon 
number distributions. 
Table 2-4: Summary of two sets of flow loop operating conditions: A and B, which lead to similar 
deposit CND 
 
It is seen from Table 2-4 that the operating conditions for these two experiments are significantly 
different.  However, the resulting deposit carbon number distributions from these two 
experiments are indeed quite similar, as can be seen in Figure 2-13. 
 Condition A Condition B 
Qoil (m
3/hr) 5.00 21.00 
Toil (°C) 20.17 15.24 
Tcoolant (°C) 5.00 10.00 




Figure 2-13: Comparison of the deposit carbon number distribution generated by the two sets of 
operating conditions 
It should be noted that in Figure 2-13, the effect of entrapped oil on deposit composition was 
eliminated by subtracting the oil composition from the deposit composition.  The resulting 
weight fraction as a function of carbon number represents the distribution of n-paraffin in the 
solid deposit.  The similarity in the experimentally measured deposit carbon number distribution 
can be easily seen by calculating and comparing the “normalized ΔC distributions” for these two 
sets of experiments. 
Figure 2-13 also shows the calculated “normalized ΔC distributions” based on the operating 
conditions of these two experiments. 
It is seen from Figure 2-13 that although the operating conditions in these two experiments are 
very different, the ΔC distributions are similar and therefore resulting in nearly identical carbon 






































































2.D.3.b  The Effects of Operating Conditions on Deposit Carbon Number Distribution 
The theoretical analysis and experimental verification presented in the previous two subsections 
show that the deposit’s carbon number distribution evolution is driven by diffusion of n-alkanes 
with different concentration driving forces and can be correlated to the “normalized ΔC 
distribution”.  The concentration difference of each component, ΔCi, can be calculated by taking 
the difference between the equilibrium concentration of component i at the bulk temperature and 
at the wall temperature. Therefore the different bulk and wall temperatures at various operating 
conditions can potentially result in different “normalized ΔC distributions” and thus different 
carbon number distributions in the deposit.  The effects of operating conditions on Tbulk and Twall 
and thus on the deposit’s carbon number distribution will now be analyzed 
To study the effects of operating conditions on Twall (at a fixed Tbulk) and the resulting deposit’s 
carbon number distribution, one can vary Qoil or Tcoolant while keeping To,inlet  fixed.  Because of 
the limited axial length of the flow loop test section, the axial difference in Tbulk is negligible.  
Consequently, Tbulk is sufficiently close to the To,inlet regardless of the oil flow rate Qoil and/or the 
coolant temperature Tcoolant. 
Due to the aforementioned experimental uncertainties, it is practically not possible to achieve 
exact matches between the predicted and observed CND without applying tuning parameters.  
Introducing tuning parameters to the model can potentially reduce the reliability of model 
predictions.  On the other hand, it is important to note that without any tuning, the trends in 
carbon number distribution with changing operating conditions can be predicted.  These model 
predictions can then provide insights to the changes in the carbon number distribution when 
scaling up to from lab-scale testing to field operations.  Consequently, we focused on comparing 
the predicted trends in carbon number distribution with the observed trends without tuning. 
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Figure 2-14 shows the comparison between the experimentally observed and predicted carbon 
number distribution in the deposit as Twall changes due to changing Qoil. 
 
Figure 2-14: Effect of oil flow rate on the deposit carbon number distribution 
It should be noted that as Qoil decreases, the thermal mass entering the test section decreases.  
Therefore, the fluid is cooled down to a lower wall temperature, Twall.  As can be seen in Figure 
2-14, both experimental results and model predictions show that as Qoil and Twall decreases, the 
peak in the deposit’s carbon number distribution shifts towards small carbon numbers.  This 
trend can be explained by the fact that n-CiH2i+2 with different “i’s” do not precipitate at the same 
time as the wall temperature gradually goes from above WAT to below WAT45–47.  When the 
wall temperature is lowered to just below WAT, the heaviest n-paraffin fractions precipitate first 
and thus create concentration gradients for diffusion of the heaviest fractions.  As temperature is 
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Twall decreases, n-paraffins with lower molecular weights precipitate resulting in a shift in the 
peak of the deposit carbon number distribution to smaller carbon numbers. 
Similar to the case of decreasing Qoil, as the Tcoolant decreases, Twall decreases.  Based on the same 
reasoning presented in the case of decreasing Qoil, the deposit’s carbon number distribution shifts 
to smaller carbon numbers as Twall decreases as can be seen in Figure 2-15. 
 
Figure 2-15: Effect of coolant temperature on the deposit carbon number distribution 
2.E Conclusions 
In this study, the Michigan Wax Predictor is combined with Coutinho’s thermodynamic 
solubility model to identify the important parameters that affect the carbon number distribution 
in the deposit.  It was found that the evolution of carbon number distribution is driven by the 
molecular diffusion of n-alkanes each with a different concentration driving force.  A critical 
indicator, “the normalized concentration difference (ΔC) distribution”, is defined and used to 
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flow-loop experiments, that the peak in deposit carbon number distribution shifts towards higher 
carbon numbers as either the oil flow rate or the coolant temperature increases.  The predicted 
effects of operating conditions on deposit carbon number distribution are consistent with the 
observed trends in flow-loop experiments. 
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Chapter 3 
Wax Deposition Experiments in Stratified Oil/Water Flows 
3.A Introduction 
3.A.1 Wax Deposition in Oil/Water Stratified Flow 
Wax deposition from stratified oil/water flow is of great interest because most fields will produce 
a significant amount of water in their late life.  Wax deposition experiments of oil/water stratified 
flow provide significant insights to the role of water in wax deposition characteristics.  To this 
end, a state-of-the-art 2 inch flow loop was constructed at the Statoil Research Centre Porsgrunn 
where real waxy gas condensate from a North Sea field flows through a test section where a 
surrounding water annulus simulates the conditions sub-sea39.  This flow-loop was used to study 
wax deposition from stratified oil/water flow.  This study investigates how an increasing water 
cuti will influence wax deposition. 
3.A.2 Different Steps for Wax Deposit Formation 
Wax deposit can be formed by two steps: 1) diffusion of wax molecules from the bulk oil to the 
oil-deposit interface21 and 2) gelation due to crystallization of wax molecules in the immediate 
vicinity of the pipe wall/deposit-fluid interface5,48–56. These two steps will be further discussed in 
detail.
                                            
i The term “water cut” describes the fraction of the water flow rate based on the total flow rate, 
[Qw/(Qw + Qo)], as an operating condition for the experiments. 
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3.A.2.a  Diffusion of Wax Molecules towards the Oil/Deposit Interface21  
Due to the heat loss of the oil to the surroundings, the temperature of the wall decreases and wax 
molecules start to precipitate at the wall to form an incipient layer of deposit.  This precipitation 
reduces the concentration of wax at the oil-deposit interface and generates a radial diffusion of 
wax molecules from the bulk towards the oil-deposit interface.  The wax molecules that diffuse 
to the oil-deposit interface can either precipitate at the interface to increase the thickness of the 
existing deposit or continue to diffuse into the deposit and contribute to the increase of wax 
fraction in the deposit.  This diffusion of the wax molecules (the heavy components) into the 
deposit is accompanied by the counter-diffusion (the light components) of the oil molecules from 
the deposit back to the oil phase.  Consequently, the deposit resulted from diffusion is enriched 
with heavy components.  The trend was originally found by the study by Singh and Fogler, as 
shown in Figure 3-1. 
 
Figure 3-1: Change in carbon number distribution of gel deposits from flow loop with time21 
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3.A.2.b  Gelation due to the crystallization of wax molecules at the immediate vicinity of the 
pipe wall/deposit-fluid interface 
The crystallization of wax in oil has been studied since the 1920s48.  The crystal structures 
observed from optical microscopy for the n-paraffins formed under static conditions are mainly 
platelet-like crystals with the diameters of 30-100 μm5,48–50, although the existence of the 
branched and cyclic paraffins can significantly alter the structure and the crystallinity of the 
gel51,52.  Kane et al. has used cryofixation with transmission electron microscopy (TEM) to 
reveal the micro-structure of the wax crystals54, as shown in Figure 3-2. 
 
Figure 3-2: The micro-structure of the wax crystals observed by Kane, et al. (a) The “pine cone” 
structure of paraffin crystallized from in the crude oil. (b) The wax platelet lamellas observed on 
each “pine cone” structures (c) The disc-like sub-units that form the platelet lamellas 
It was found that the wax crystals consist of smaller “pipe cone” blocks of around 3-5μm.  Each 
block includes the platelet structure with stratified lamellas of area around 0.5-1μm19.  A closer 
examination at the surface of the lamella reveals that the platelet consists of disc-like sub-units 
with diameters of 20-40 nm, which is considered to be the locations of the nucleation as the 
initial stage of wax crystallization.  It is believed that the aggregation of these disc-like sub-units 
forms the platelet lamellas, while the overlapping of the platelet lamellas forms the “pine cone” 
structures.  It is believe that the aggregation of the “pine cone” structures forms the platelet 
crystals that one frequently sees in an optical microscope5,48–50. 
(a) (b) (c)
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As temperature further decrease from the cloud point, the degree of wax crystallization becomes 
sufficient to form a crystal network so that the entrapped oil is no longer able to flow.  The 
mixture of the solid network and its entrained oil forms a gel.  A number of studies on the 
structure of the network of wax crystals reveal that the growth of the wax crystals and the 
aggregation of the existing crystals occur simultaneously and that the network is connected by 
the attractive interactions between the wax crystals57. 
Although wax gelation has been frequently observed in quiescent conditions, recent studies have 
focused on the investigation on the wax gel formed under shear/flow conditions5,53–55.  
Venkatesan et al. has shown that a model wax-oil system was still able to gel when the shear 
stress is as high as 5 Pa (corresponding to a flow rate of 16,000 barrels per day in a 10-inch 
pipeline with an oil viscosity of 10 cp)5.  The imposed shear rate is known to delay or suppress 
gelation, as reported by several rheological studies53–56. Kane et al. found that the shear stress can 
significantly reduce the gelation temperatures.  This conclusion was found from the drastic 
increase of the apparent viscosity from their rheometer measurements as shown in Figure 3-3. 
 
Figure 3-3: The impact of impose shear stress on gelation temperature, the gelation temperatures 
are highlighted with vertical dash lines where steep increase of the apparent viscosity is observed. 
The cooling rate is 0.5oC/min 
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Deposit formation at the pipe wall/deposit-fluid interface is due to both the diffusion of wax 
molecules towards the pipe wall and the subsequent precipitation-gelation of the wax molecules.  
Depending on the shear stress condition, the amount of solid wax required to gel the deposit 
varies.  The deposit formed under a higher shear stress is richer in solids.  In this experimental 
investigation, it was observed that the deposit solid fraction characterized by an HTGC analysis 
responds sensitively to the water cut of the water-oil mixture.  Such variation is explained by the 
effect of the water cut on the shear stress at the pipe wall/deposit-fluid interface. 
3.B Experimental 
3.B.1 Wax Deposition Flow Loop Apparatus 
The state-of-the-art flow loop apparatus, also called a test rig, used for the experimental program 
is located in the Multiphase Flow-Loop Laboratory at Statoil’s Research Centre Porsgrunn, 
Norway. It is used to study wax deposition mechanisms and to develop technologies for wax 
removal, wax prevention and wax thickness measurements.  A schematic layout of the flow loop 
apparatus is shown in Figure 3-4. 
 
Figure 3-4: Overview of the wax deposition flow-loop 
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Before an experiment begins, the water and oil phases are pre-heated separately using an oil heat 
exchanger.  Pre-heated oil and water are continuously circulated in the flow loop using the water 
and oil pumps.  The oil phase is circulated through the heat exchanger during the experiment to 
keep the oil temperature constant.  Because there is no separate heat exchanger to keep the water 
temperature constant, the water temperature drops slightly during the course of an experiment to 
a lower level.  In a future modification, an additional heat exchanger for the water flow shall be 
implemented to avoid this drawback.  The oil and water are unified in a Y-shaped stratifier 
which initializes stratified flow by avoiding excessive mixing of the phases.  Oil and water then 
flow through a 17-m long pipe section to ensure fully developed flow before entering the test 
section.  After the inflow section, the flow enters first a window section for visual observations 
of the flow structure followed by an X-ray tomograph for measuring the phase distribution.  
Next, the fluids enter the 2-inch test section where they are cooled by water that is circulating in 
an annulus surrounding the oil pipe, simulating the conditions subsea.  The coolant water is 
provided from the communal network and is heat exchanged with steam to achieve the specified 
temperature before entering the test section annulus. 
Two test sections (one 2-inch and one 3-inch inner diameter) are available to investigate the 
scale-up behavior of wax deposition.  However for this study only the 2-inch section was used. 
Before the oil and water return to the main separator, the phases are pre-separated in a splitter. 
The two streams from the splitter enter the main separator in two different locations.  Having 
both a pre-separation and a main separator improves the separation and hence lowers the total 
separation time.  The large main separator with a maximum volume of 4.2 m3 was designed to 
give a long retention time (up to 1 hour for the lowest flow rates) and to prevent wax depletion of 
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the circulating oil.  Density measurements in front of each pump are used to monitor the 
separation quality of the phases.  Some key data for the rig may be found in Table 3-1. 
Table 3-1: Dimensions and the range of the operating conditions for the flow loop 
 
3.B.2 X-ray Tomography 
An X-ray tomograph was used to measure the vertical phase distribution in the pipe before the 
flow enters the test section.  The tomograph was built by Innospexion AS and consists of two 
pairs of X-ray sources and detectors, so that both the horizontal and the vertical phase 
distribution can be measured.  The X-ray source is a water-cooled MB70 MCA 450 monoblock 
X-ray source with a maximum energy of 60 kVp.  The detectors consist of CdTe CMOS detector 
arrays with 1500 pixel resolution. 
The water volume fraction was calculated from X-ray measurements which were performed over 
30 seconds to average over all transient flow phenomena.  A sketch of the X-ray measurement is 
shown in Figure 3-5. The water volume fraction for a two-phase flow ( )x  as a function of the 
vertical position x is obtained by comparing the measured x-ray intensities for oil-water flow 
Iow(x) with the intensities for single-phase oil flow Io(x) and single-phase water flow Iw (x), as 





















   (3-1) 
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Figure 3-5: Layout of vertical X-ray measurement 
The logarithm in Equation (3-1) stems from the attenuation of the X-ray beam passing through 
the fluid.  A more in-depth description of the theory can be found in the research by Hoffmann 
and Johnson58. 
3.B.3 Gas Chromatography 
Gas chromatography was used to measure the carbon number distributions of the deposit.  The 
crude oil is measured using high temperature gas chromatograph (HTGC) Hewlett-Packard 
6890A equipped with a CP-SimDist Ultimetal column (25m x 0.53mm x 0.09mm).  The oven 
temperature was initiated at 40˚C and increased to 430˚C at a rate of 10˚C/min. 
3.B.4 Fluid Characteristics 
3.B.4.a  Oil and Water Composition 
The North Sea gas condensate utilized in this research is the same as in the previously reported 
single-phase study (4.7 wt% wax content, 30°C WAT,   = 3cP @ 20°C)39.  The salt 
concentration of the water phase was chosen to be equal to the formation water from that field.  
The ion concentrations are listed in Table 3-2. 
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Table 3-2: Water composition of the aqueous phase used in water/oil stratified flow wax deposition 
experiments 
 
3.B.4.b  Emulsion Breaker to Encourage Water/Oil Stratified Flow 
Short-time deposition tests have shown that gravity separation in the tank is not sufficient to 
encourage oil/water phase separation to occur at lower temperatures and higher flow rates.  It 
was therefore decided to add a commercially available emulsion breaker (DMO 86538, 500 ppm) 
to improve separation. 
3.C Results and Discussions 
3.C.1 Hydrodynamics 
The most interesting parameter in two-phase oil/water flow is of course the water cut.  To 
investigate its influence and to define the matrix of most relevant wax deposition experiments, a 
pre-study was performed where the influence of the water cut on the flow regime was 
investigated. 
 
Figure 3-6: Side view camera picture of the oil/water two phase flow pattern at different total flow 
rates and water cuts 
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Experiments were carried out for three different total volumetric flow rates.  These two-phase 
flow rates were Qtotal = Qo +Qw = 5m
3/h, Qtotal = 10 m
3/h , and Qtotal = 15 m
3/h, corresponding to 
mixture velocities of Vtotal = 0.64m/s, Vtotal = 1.28m/s , and Vtotal = 1.92m/s.  Experiments were 
carried out with water cuts ranging from 20% to 80%.  Figure 3-6 shows the camera pictures for 
these flow regimes. It is observed that completely stratified flows occur for the cases of water cut 
from 30% to 70% when the total flow rate is 5m3/h, while completely stratified flows occur in a 
smaller range of water cut (50%-70%) as the total flow rate increases to 10m3/h.  This 
observation indicates that the degree of dispersion increases with increasing total flow rate. 
Visual impression however can be misleading because relatively small amounts of dispersed oil 
in water make the mixture appear dark.  It is therefore important to measure the water volume 
fraction using the X-ray instrument. Figure 3-7 shows the water fraction distribution for the three 
flow rates. 
 
Figure 3-7: Water fraction at different water cuts measured by X-ray tomography 
Correspondingly to the reflex camera pictures, the lowest flow rate, 5 m3/h, gave fine stratified 
flow regimes except water cuts = 20% and 80%, where some dispersion was observed.  For the 
flow rate of 10m3/h there is a clear transition from fully dispersed flow at 10% and 20% water 
cut to stratified flow (around 40% to 70% water cut) and further on to water continuous flow.  
The highest flow rate of 15 m3/h shows almost always fully dispersed flow with the exception of 
(a) Qtotal = 5m
3/h (c) Qtotal = 15m
3/h(b) Qtotal = 10m
3/h
(a) Qtotal = 5m
3/hr (b) Qtotal = 10m
3/hr (c) Qtotal = 15m
3/hr
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50% water cut which appears to be stratified flow of a water continuous and an oil continuous 
phase (albeit with a high amount of dispersion in each of the phases). 
Because the scope of this study focuses on stratified flow it was decided to perform one series of 
wax deposition experiments with varying water cut at a total flow rate of 5m3/h and one series at 
a total flow rate of 10m3/h.  In the later study we hope to extend this investigation also to higher 
flow rates and dispersed flow. Dispersed phase flow will however require modifications of the 
rig since it proved to be impossible to maintain a sufficiently high separation quality for the 
duration of a whole wax deposition experiment (typically several days).  This drawback will lead 
to the build-up of a significant amount of emulsion as the experiments are running at highest 
flow rates. 
3.C.2 Wax Deposition Experiments 
Two lists of deposition experiments are shown in Table 3-3 and Table 3-4 for different total flow 
rates.  It can be seen that the inlet temperatures for the oil and the coolant are not the same, 
which is due to the limited number of heat-exchangers available in the flow-loop. 
Table 3-3 List of operating conditions for the deposition experiments with different water cuts for 
the total flow rate of 5m3/h 
Total Flow Rate (m3/h) 5.0 
Water Cut (%) 0.0ii 25.0 50.0 65.0 75.0 80.0 
Oil Flow Rate(m3/h) 5.0 3.7 2.5 1.7 1.2 1.0 
Water Flow Rate (m3/h) 0.0 1.3 2.5 3.3 3.8 4.0 
Duration (days) 2.0 2.6 2.7 2.7 2.7 2.7 
Oil Inlet Temperature(oC) 24.0 24.0 24.0 24.7 25.0 24.4 
Water Inlet Temperature(oC) - 23.1 21.6 22.0 21.3 20.5 
Coolant Temperature (oC) 15.0 
                                            
ii The GC measurement is not available for these experiments. 
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Table 3-4 List of operating conditions for the deposition experiments with different water cuts for 
the total flow rate of 10m3/h 
Total Flow Rate (m3/h) 10.0 
Water Cut (%) 0.0ii 10.0 50.0 75.0 85.0 
Oil Flow Rate(m3/h) 10.0 9.0 5.0 2.5 1.5 
Water Flow Rate (m3/h) 0.0 1.0 5.0 7.5 8.5 
Duration (days) 1.8 2.8 1.8 1.7 1.8 
Oil Inlet Temperature(oC) 25.0 25.0 25.0 24.9 24.8 
Water Inlet 
Temperature(oC) 
- 24.6 23.5 22.9 22.5 
Coolant Temperature (oC) 15.0 
3.C.2.a  Effect of Water Cut on the Pipe Wall Area Covered by the Deposit 
Figure 3-8 shows the cross-sectional view of the coverage of wax deposit on the pipe wall 
circumference. 
 
Figure 3-8: Cross sectional view of the coverage of wax deposit on the pipe wall circumference for 
wax deposition experiments with a total flow rate, Qtotal, of 5 m3/hr and water cut varying from 0% 
to 75% 
As can be seen from Figure 3-8, in water/oil stratified flow regime, wax only deposits on the top 
part of the pipe circumference that is wetted by oil.  On the other hand, wax does not deposit on 
the bottom part of the pipe cross section that is wetted by water.  As a result, the existence of a 
water phase reduces the pipe wall area available for wax deposition. 
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3.C.2.b  Deposition Characteristics under High Flow Rate, Qtotal = 10 m3/hr (Equivalently, High 
Shear Stress) 
The amount of wax deposit accumulated on the pipe wall is a critical variable of interest during 
wax deposition experiments.  Since the pipe wall surface area covered by the wax deposit varies 
with changing water cut, the amount of wax attached to the pipe wall needs to be normalized 
with respect to the surface area covered by the deposit.  The specific deposit mass on a per-area 
basis can then be compared from run to run with different water cuts to understand the role of the 
water phase on wax deposit mass.  Figure 3-9 compares the wax mass per area obtained from 
different wax deposition runs performed at a fixed total flow rate of 10 m3/hr and varying water 
cuts. 
 
Figure 3-9: Wax deposit mass per area observed in wax deposition experiments performed at a 
fixed total flow rate of 10 m3/hr and various water cuts 
As can be seen from Figure 3-9, the deposit mass per area remains at a virtually constant level, 
suggesting that the water phase has minimal impact on the heat and mass transfer characteristics 
on wax deposition in this set of experiments while merely reduces the pipe surface area available 
for wax deposition. 
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3.C.2.c  Deposition Characteristics under Low Flow Rate, Qtotal = 5 m3/hr (Equivalently, Low 
Shear Stress) 
Comparison among the wax mass per area generated from wax deposition experiments with 
various water cuts were also performed for the runs conducted at a fixed total flow rate of 5 
m3/hr, shown in Figure 3-10. 
 
Figure 3-10: Wax deposit mass per area observed in wax deposition experiments performed at a 
fixed total flow rate of 5 m3/hr and various water cuts 
As can be seen from Figure 3-10, the wax deposit mass per area increases as the water cut 
increases, suggesting that the wax deposition risk becomes more and more severe as the water 
cut increases.  In order to further understand this trend, the compositions of the wax deposits 
obtained under various water cuts were analyzed with HTGC, shown in Figure 3-11. 
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Figure 3-11: Carbon number distributions of the wax deposits generated under a fixed total flow 
rate of 5m3/hr and various water cuts 
As can be seen from Figure 3-11, the deposits from the experiments with the water cut of 65% 
and 75% have smaller fractions of the heavy components.  Their carbon number distributions are 
more similar to that of the oil compared to the deposits from the experiments with water cut of 
50%, which indicates that the deposit formed at a water cut of 50% contains more solid wax than 
the deposits formed under water cuts of 65% and 75%.  A possible explanation for this 
difference in solid content of the deposit can be found from the difference in the shear stress in 
the oil phase.  Because the oil and the water used in this study are mainly Newtonian fluids, the 
shear stress is directly proportional to the viscosity of the fluid.  The viscosity of the oil is 
approximately twice of that of the water for the temperature within the operating range in this 
study.  Therefore the increasing amount of water in the water-oil mixture can help to reduce the 
shear stress of the oil phase, thereby leading to a lower solid content of the wax deposit. 
3.D Conclusions 
In this research, wax deposition experiments in oil/water two-phase stratified flow were carried 




map study was performed to identify the flow regimes for oil/water stratified flow. The X-ray 
measurement showed that completely stratified flow was achieved in the cases of water cut 
ranging from 30% to 60% at low total flow rate (Q = 5m3/h). As the total flow rate further 
increases, the formation of the oil/water droplets reduces the degree of stratification and even 
prevents stratified flow to occur. 
Wax deposition experiments were carried out at various water cuts for the total flow rate of 
5m3/h and 10m3/h.  The complex effects of the water phase on wax deposition were revealed.  
Firstly the water phase reduces the pipe wall surface area available for wax deposition.  At a total 
flow rate of 10 m3/hr, the wax deposition characteristics is not sensitive to the water volume 
fraction, indicating negligible effects of the water phase on the heat and mass transfer 
characteristics.  At a total flow rate of 5 m3/hr, the water deposition severity increases as the 
water content increases.  As the water cut increases, the shear stress at the pipe wall decreases, 
leading to a lower solid content of the wax deposit and thereby a thicker deposit.  The effect of 
the wall shear stress on wax deposit thickness will be further discussed and modeled from first 
principles of rheology in Chapter 7. 
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Chapter 4 
A Fundamental Investigation of Wax Diffusion Characteristics in 
Water-in-Oil Emulsion 
4.A Introduction 
Wax deposition in subsea oil pipelines is one of the major challenges in upstream engineering 
and flow assurance.  The build-up of a wax deposit on the inner surface of subsea pipelines 
reduces the cross-sectional area available for oil transportation and leads to a decrease in oil 
production.  In extreme cases, a particular section of the pipeline may become completely 
plugged by wax deposits and cannot be restarted11.  In order to prevent the pipeline from 
plugging completely, remediation operations such as pigging are conducted on a regular basis to 
remove the wax deposit before it becomes too thick and too hard and impossible to remove.  
However frequent pigging to remove the deposits may not be always economically beneficial 
because it generates not only the costs from the pigging operation itself but also production down 
time.  Determination of a suitable pigging frequency thus becomes a critical element in the 
remediation of wax deposition59,60.  The optimum pigging frequency is usually determined based 
on model predictions in combination with field experiences. 
In the past decade, multiple wax deposition models have been developed for the prediction of 
wax deposition rate and thickness that can be used to provide recommendations on pigging 
frequency21,24–27,29,33,34,61.  Most existing wax deposition models predict wax deposition rates in 
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single phase oil flow, while with the exception of stratified flow35, wax deposition in two phase 
oil/water flows has not been modeled using first principles of transport phenomena. 
In the early stages of a well’s production, the water content of the production stream can be 10 % 
or lower and the effects of water on wax deposition may often be neglected62.  However, the 
water content of the production stream can increase significantly as production continues.  In the 
later stages of oil production, water is injected into the well to force out oil, further increasing the 
water content in the production stream.  To predict wax buildup on subsea pipelines in water/oil 
two phase flow requires extending a fundamental single phase wax deposition model, the 
Michigan Wax Predictor (MWP)26–28,61, to two phase flow  and this extension is a non-trivial 
project. 
Two phase flow of water and oil can generate various flow patterns63.  Figure 4-1 summarizes 
the possible flow patterns of water/oil two phase flows under various water/oil flow rate 
conditions. 
 
Figure 4-1: Flow patterns of water/oil two phase flow under various water/oil flow rate conditions63 
Having different flow patterns in the production stream complicates the wax deposition 
modeling.  Based on a series of deposition experiments performed using a state-of-art flow loop 
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apparatus, Hoffmann et al., confirmed that in stratified flow where the top part of the pipe is in 
contact with the lower density oil, wax deposit forms on the top of the pipe cross section64.  
Huang et al. developed a fundamental wax deposition model to investigate the impact of water 
on the heat/mass transfer characteristics and to model wax deposition in water/oil stratified 
flow35. 
It should be noted that the water/oil stratified flow pattern can only exist at low water and oil 
flow rates where virtually no mixing of oil and water occurs.  In actual field productions, the 
flow is usually in the turbulent flow regime which promotes the mixing of oil and water to form 
water-in-oil dispersions.  Additionally, crude oils are usually rich in natural surfactants, which 
stabilize water-in-oil dispersion65–68.  Because of the common occurrence of water-in-oil 
dispersed flow in the field, there is a growing interest to carry out a fundamental study on wax 
deposition in water-in-oil dispersed flow.  On the experimental side, Bruno et al. and 
Panacharoensawad et al. performed flow loop wax deposition studies to provide evidence of wax 
deposit formation in water-in-oil dispersed flow and also to correlate the deposition rates to 
operating conditions69,70.  Despite these two experimental studies, no one has yet developed a 
fundamental wax deposition model to predict the wax deposition rate in water-in-oil dispersed 
flow.  The only existing water-in-oil dispersed flow wax deposition model is based on an 
empirical pseudo-single phase approach that was developed by Bruno et al. to model their 
experimental results69.  In this pseudo-single phase model, the physical properties of the water-
in-oil dispersion, such as viscosity, density, heat capacity and thermal conductivity are calculated 
by simply averaging the corresponding water and oil physical properties based on mixing rules.  
The averaged physical properties are then used in the single phase governing equations to model 
wax deposition in water-in-oil two phase flows.  While this approach might be a first 
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approximation to characterize heat transfer for oil-water dispersed flow, it can have significant 
limitations when describing the mass transfer characteristics of wax deposition and result in 
incorrect estimates of the severity of wax deposition and lead to unreliable field predictions.  The 
complexity imposed by dispersed water droplets on the mass transfer characteristics of wax will 
now be discussed. 
It has been widely accepted that molecular diffusion is the dominating mass transfer mechanism 
of wax deposition21,24–26,33,34,61.  In the molecular diffusion mechanism, wax molecules 
precipitate at the pipe wall when the surface temperature is below the wax appearance 
temperature.  The precipitation of wax generates a concentration gradient in the boundary layer, 
causing more wax molecules to diffuse towards the wall to form a deposit.  In single phase flow 
regime, wax diffuses along the concentration gradient through a straight diffusion pathway as 
shown in Figure 4-2 (a). 
 
Figure 4-2: Comparison between diffusion of wax in (a) single phase flow and (b) water-in-oil 
dispersed phase flow 
Contrary to wax diffusion in single phase flow, wax diffusion in water-in-oil dispersions is 
partially blocked because the wax molecules are insoluble in water and they cannot diffuse 
through the water droplets.  Therefore, in order to reach the pipe wall to form deposit, wax 
molecules must diffuse around water droplets, resulting in more tortuous diffusion pathways as 
shown in Figure 4-2 (b).  Intuitively, this effect of water droplets partially blocking wax 
Water DropletsWax Molecules
(a) Single Phase Flow (b)Dispersed Flow
Wax Molecules
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diffusion pathway results in a reduction in the diffusivity of wax and leads to a reduction in the 
deposition rate. 
However, it is experimentally difficult to 1) verify the inhibitive effect of water droplets on wax 
diffusion and 2) quantify the reduction of diffusivity caused by the dispersed water droplets.  
Therefore, no existing wax deposition models address the effect of dispersed water on wax 
diffusion from a fundamental perspective of view.  Empirical approaches have been proposed to 
incorporate the effect of water droplets on wax diffusion in wax deposition modeling69,71.  
However, not only  is the correctness of these empirical approaches questionable72, inappropriate 
attempts to include this effect of diffusivity reduction in wax deposition modeling can also lead 
to over-optimistic predictions for the wax deposition rate.  These questionable predictions are 
potentially dangerous during the design of wax remediation operations.  Some of these 
inappropriate applications will be analyzed in this manuscript.  This manuscript presents the first 
fundamental investigation on the wax diffusion characteristics in water-in-oil dispersion. 
4.B Pulse Field Gradient NMR Characterization of Molecular Diffusion 
The effect of dispersed water droplets on molecular diffusion can be probed by measuring the 
effective diffusivity of a particular oil-soluble and water insoluble molecule (a “tracer”).  Figure 
4-3 shows the hypothetical path of (a) a tracer diffusing in a single-phase oil along with (b) a 
hypothetical pathway of a tracer diffusing in a water-in-oil dispersion. 
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Figure 4-3: Comparison of (a) the scenario of a tracer diffusion in single-phase oil and (b) the 
scenario of a tracer diffusing in water-in-oil dispersion 
If the dispersed water droplets partially block the diffusion path of the tracer, one expects a 
decrease in the effective diffusivity of the tracer in the water-in-oil dispersion, D, when 
compared to its original diffusivity in the single-phase oil, Dsingle.  In this study, both of the 
diffusivities, D and Dsingle were measured using NMR diffusometry techniques
73 along with 
various types of tracers to investigate the effect of water droplets on the molecular diffusion 
through the oil phase of the water-in-oil dispersion. 
In a NMR diffusion experiment, the magnetization of the 1H nuclear spin is manipulated by a 
Stejskal-Tanner pulse sequence composed of two radio frequency pulses and two pulse field 
gradients74.  The magnetization is first excited by a 90° pulse.  After a time period with a typical 
length of 50-300 ms, a 180° pulse is applied.  The second pulse causes the refocusing of the 
magnetization and gives rise to an echo signal.  Moreover, at the beginning of each radio 
frequency pulse, one pulse field gradients with length δ and magnitude G are applied to probe the 
molecular motion of the tracer.  Due to the molecular motion of a tracer, its NMR signal 
attenuates after a Stejskal-Tanner pulse sequence74.  The extent of attenuation is related to the net 
displacement of the tracer during the time period between the 90° and the 180° pulses, which in 
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(4-1) 
where I/I0 characterizes the signal attenuation.  γ is the gyromagnetic ratio of the 
1H nucleus.  δ is 
the length of the pulse field gradient.  G is the magnitude of the pulse field gradient.  Δ, also 
called diffusion time, is the time available for molecular diffusion. D is the diffusivity of the 
tracer. 
The experimentally measured attenuation of the NMR signal can be used to determine the 
diffusivity of the tracer according to Equation (4-1).  A diffusion gradient length δ of 4 ms and a 
diffusion time Δ of 50-300 ms were used in this study to obtain a sufficient extent of signal 
attenuation based on which the tracer diffusivity can be calculated to a high level of confidence.  
A detailed description of the governing principles of experimental measurements of molecular 
diffusivity using NMR techniques can be found in “High-Resolution NMR Techniques in 
Organic Chemistry” by Claridge75. 
It should be noted that NMR diffusometry on one water-in-oil dispersion sample requires ~10 – 
30 minutes to perform.  The microstructure of the water-in-oil dispersions might not remain 
unchanged during the course of NMR diffusometry owing to particle loss mechanisms such as 
Brownian flocculation, sedimentation flocculation and creaming76.  Without proper methods to 
retard these particle loss mechanisms, the microstructure of a water-in-oil dispersion can change 
rapidly, making it impossible to obtain reliable evaluations of the effect of water droplets on the 
diffusion characteristics in the continuous phase.  In order to avoid rapid change in the dispersion 
microstructure, model water-in-oil emulsion systems were prepared to represent water-in-oil 
dispersion and the NMR diffusometry was performed based on the model water-in-oil emulsions. 
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4.C Experimental 
4.C.1 Preparation of Model Water-in-Oil Emulsions 
Water-in-oil emulsions with varying water cut (WC) from 10% to 70% were prepared in this 
investigation.  Preparation of the model emulsions followed the procedures provided by 
Delgado-Linares et al., where similar model emulsions were used in the investigation of hydrate 
formation77.  Crystal Plus 70T mineral oil purchased from STE Oil Company was used as the 
continuous oil phase.  Detailed compositional and rheometric information of this particular 
mineral oil can be found in ref.77 by Delgado-Linares et al.  Distilled (DI) water was used as the 
dispersed water phase.  The emulsifying agent was composed of two chemicals: sorbitan 
monooleate (known as Span 80) and bis(2-ethylhexyl) sulfosuccinate sodium salt (known as 
AOT).  Both chemicals were purchased from Fisher Scientific.  In order to prepare the oil 
continuous phase containing surfactant, 5wt.% of the surfactant mixture (Span 80:AOT = 9:1 
wt./wt.) with respect to the total weight of the emulsion was first dissolved in the oil phase.  
Flocculation of water droplets was observed in the emulsions prepared with Span 80 as the only 
surfactant.  Addition of AOT as a second surfactant prevents flocculation.  It is believed that the 
ionic characteristics of AOT introduces electrostatic repulsion between droplets and prevents 
flocculation.  It should be noted that mineral oil does not contain asphaltenes which stabilize 
water-in-crude oil emulsions65–68.  Therefore, an appreciable amount of the surfactant was used 
for the preparation of model emulsions.  Heating of the oil continuous phase was applied to 
facilitate the dissolution of the surfactant mixture.  DI water with volume fraction ranging from 
10% to 70% (WC = 10% - 70%) was then added to the surfactant-containing oil phase under 
constant agitation by a Scilogex D160 homogenizer at 8000 rpm to form water-in-oil emulsion.  
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3mL of the emulsions were prepared in each batch and the prepared emulsions were used for 
microscopic, rheometric and diffusometry experiments. 
It should be noted that in the preparation of water-in-oil emulsion, the water phase should be 
added slowly to prevent undesired phase inversion and the resulting formation of an oil-in-water 
emulsion.  In this study, water was added drop wise over a period of 4 minutes.  After water 
addition, the water-in-oil mixture was further agitated using the same homogenizer for 2 
minutes. 
4.C.2 Characterization of Emulsion Microstructure 
The emulsion microstructure was characterized by microscopy experiments.  One liquid drop of 
the emulsion was placed on a 25 mm × 25 mm glass slide.  An 18 mm × 18 mm cover slide was 
then placed on the top of the liquid drop to deform it into a liquid film.  The microstructure of the 
emulsion liquid film was inspected by a Nikon Eclipse E600 microscope with a 50× objective 
lens and a 10× eyepiece.  A Sony AVC-D7 CCD camera was used to take photos of the emulsion 
microstructure. 
Based on experimental experiences, the micrographs of un-diluted WC30-70 emulsion samples 
are hazy, as shown in Figure 4-4 
 
Figure 4-4: A hazy micrograph of the 30% water cut model emulsion 
30% WC
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In a hazy micrograph, the boundaries of the water droplets overlap, making it difficult to 
determine the mean droplet diameter and the droplet size distribution.  This haziness is due to the 
high number density of the droplets in these un-diluted emulsions.  Calculations show that one 
drop of the emulsion (0.05mL) can contain millions of dispersed water droplets.  Layers of 
droplets can thus overlay on top of each other, causing the haziness of the micrograph.  In order 
to obtain a micrograph suitable for the determination of mean droplet diameter and droplet size 
distribution, the original emulsion samples had to be diluted with mineral oil according to the 
procedures recommended by Opedal et al.78.  Figure 4-5 shows a sample micrograph of the 
diluted emulsion in comparison with the micrograph of an undiluted emulsion. 
 
Figure 4-5: Comparison between the micrograph of (a) an undiluted 30% WC model emulsion with 
the micrograph of (b) the diluted 30% WC model emulsion 
As can be seen from Figure 4-5, after dilution of the emulsion, the dispersed droplets can be 
clearly identified.  Based on the micrographs of diluted emulsions, the mean droplet diameter 
and the droplet size distribution were determined using image processing software called ImageJ. 
4.C.3 Characterization of Diffusion Using Pulse Field Gradient – Nuclear Magnetic Resonance 
Spectroscopy (PFG-NMR) 
Two types of NMR experiments were performed: regular 1H/19F-NMR spectroscopy and 1H/19F-




from the tracer molecule.  In the following diffusometry experiments, one gradually increases the 
magnitude of the pulse field gradient and tracks the corresponding attenuation of the tracer NMR 
signal to measure its molecular diffusivity.  Both types of NMR experiments were performed on 
a 400 MHz Varian MR400 NMR Spectrometer at the University of Michigan NMR facility. 
In the acquisition of 1H-NMR spectrum, NMR-grade trimethylsilane (TMS, purity > 99.0%) 
purchased from TCI America was added to the NMR sample and the proton signal from TMS 
was used as the standard for the 0-ppm chemical shift. 
Before NMR diffusometry experiments to measure tracer diffusivity, the NMR pulse field 
gradient was calibrated based on the known self-diffusion coefficients of H2O, HDO and n-
dodecane. 
4.D Results and Discussions 
4.D.1 The Macro- and Microscopic Stability of the Model Emulsion 
Before the characterization of tracer diffusivity, it is important to evaluate the stability of the 
model emulsions and confirm that they have undergone negligible structural change during the 
time period of diffusometry experiments.  Such stability needs to be evaluated on both the 
macro- and microscopic scales. 
The macroscopic stability of the emulsions was evaluated by visual detection for signs of bulk 
phase separation.  Figure 4-6 shows the macroscopic appearance of the emulsions after standing 
for 48 hours (t = 48hr) in comparison with that right after the samples were prepared (t = 0 hr). 
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Figure 4-6: Comparison between the macroscopic appearances of the model emulsions (10%, 30%, 
50%, 70% WC) (a) Right after they were prepared (t = 0hr) and (b)after standing for 48 hours (t = 
48 hrs) 
As can be seen from Figure 4-6, there was no sign of bulk phase separation after 48 hours.  
However, unchanged macroscopic appearances do not necessarily guarantee unchanged 
emulsion microstructures.  Consequently, microscopic characterizations were also performed in 
which the mean droplet diameter and size distribution of the emulsions were measured after 48 
hours and compared to those of the initial samples right after emulsions preparation.  Figure 4-7 
shows the comparison between the mean droplet diameters of the model emulsions right after 
emulsion preparation and after 48 hours. 
 
Figure 4-7: Comparisons between the mean droplet diameter of the model emulsions (10%, 30%, 
50%, 70% WC) right after emulsion preparation and after standing for 48 hours 
(a)  Time t = 0 hr























Initial Sample After 48 Hr
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It can be seen that no statistical change in the mean droplet diameter was observed after the 
model emulsions were let stand for 48 hours.  During a period of 48 hours, the mean droplet 
diameters of all model emulsions remain at a virtually constant level of ~2µm.  Moreover, no 
significant variation in the droplet size distribution was observed over a time period of 48 hours 
as shown in Figure 4-8. 
 
Figure 4-8: Comparison of the droplet size distribution of model emulsions 10%, 30%, 50% and 
70% WC right after emulsion preparation and after standing for 48 hours 
These results confirm that the emulsions undergo negligible structural change over a period of 48 
hours during which diffusivity of tracer molecules can be characterized using NMR techniques. 
4.D.2 Observing the Reduction in the Molecular Diffusivity in Water-in-Oil Emulsions 
In this phase of the research, various tracers were used to study the molecular diffusivity in 
water-in-oil emulsions.  NMR diffusometry measures the diffusivity of a molecule by tracking 
the attenuation of its proton NMR signal with varying magnitudes of the NMR pulse field 




























































































two major constituents of the model emulsions contain protons.  1HNMR signals associated with 
the protons in mineral oil and DI water can also be detected by the NMR spectrometer.  
Consequently, in order to differentiate the NMR signal of the tracer to measure its diffusivity, 
one has to select a tracer whose 1HNMR signal does not overlap with the mineral oil and DI 
water 1HNMR signals.  In our first investigation, toluene was chosen as a tracer and its NMR 
signal was identified by comparing the NMR spectrum of the emulsion containing tracer with the 
spectrum of the mineral oil and DI water, as shown in Figure 4-9. 
 
Figure 4-9: Comparison between the NMR spectrum of (a) mineral Oil, (b) model emulsion and (c) 
model emulsion containing toluene as a tracer 
Two major signals: 0.89 ppm and 1.28 ppm are displayed on the mineral oil NMR spectrum, 
Figure 4-9(a).  These two signals correspond to the protons in the methyl group (-CH3) and the 
methylene group (-CH2-) respectively.  Comparing the mineral oil 
1HNMR spectrum, Figure 4-9 
(a), with the emulsion NMR spectrum, Figure 4-9 (b), one identifies the signal associated with 
water: 4.81 ppm.  In addition to the NMR signals associated with mineral oil and water, the 
signal associated with the methyl group in toluene (2.17 ppm) is displayed on the spectrum of the 

















does not overlap with the signals in mineral oil and in water, toluene can be used as a tracer and 
its diffusivity in water-in-oil emulsions can be measured based on this signal. 
In order to emphasize the fractional reduction in diffusivity caused by dispersed water droplets, 
the ratio of the toluene diffusivities in emulsions to its diffusivity in single phase oil, i.e. 
(D/Dsingle), is reported instead of the absolute diffusivity of toluene (D).  Figure 4-10 shows the 
measured reduction in toluene diffusivity ratio (D/Dsingle) as a function of water cut. 
 
Figure 4-10: The measured reduction in toluene diffusivity in water-in-oil emulsions with water cut 
= 10%, 30%, 50% and 70% 
As can be seen from Figure 4-10, the molecular diffusivities of toluene in WC10-70 emulsions 
are lower than its single phase molecular diffusivity.  This observation indicates that the 
dispersed water droplets indeed partially inhibit the diffusion of toluene molecules in the 
continuous phase.  Additionally, one observes a monotonically decreasing trend in the ratio 
(D/Dsingle) with increasing water cut, indicating the inhibition of toluene diffusion by the water 
droplets becomes more profound as the water cut increases. 
It should be noted that as the diffusivity reduction is due to the partial blockage of the diffusion 
path by the water droplets, the trend in (D/Dsingle) as a function of the water cut should only 
depend on the microstructure of the emulsion while does not depend on the chemical nature of 
























be consistent with one another.  To verify this expectation, the trend in (D/Dsingle) as a function of 
water cut was also characterized with mineral oil as the tracer and shown in Figure 4-11. 
 
Figure 4-11: Comparison of the trends in (D/Dsingle) as a function of water cuts characterized based 
on diffusometry using toluene and mineral oil as tracers 
Two important observations can be made from Figure 4-11: 
 In absence of water droplets, the diffusivity of mineral oil in the oil phaseiii (Dsingle, mineral 
oil = 1.16×10
-10 m2/s) is approximately 25% that of toluene in the oil phase (Dsingle, toluene = 
4.21×10-10 m2/s). 
 Despite the significant difference in mineral oil and toluene diffusivities in the oil phase, 
the trend and magnitude in the diffusivity reduction (D/Dsingle) observed using both 
tracers are consistent and comparable to each other. 
These two observations indicate that the reduction of tracer diffusivity in emulsions is 
independent of the chemical nature of the tracer while is only dependent on volume fraction of 
the dispersed water.  
                                            

















Tracer 2: Mineral Oil
Dsingle = 4.21 10
-10m2/s
Dsingle = 1.16 10
-10m2/s
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Consequently, the observed trend in (D/Dsingle) as a function of water cut provides a reliable 
quantification of the inhibitive effect of the water droplets on the molecular diffusion in the 
continuous phase. 
4.D.3 Characterization of Wax Effective Diffusivity in Model Emulsions 
The previous sections presented an experimental method developed in this study for the 
quantification of the inhibitive effect of water droplets on the molecular diffusion through the 
continuous phase.  It would be ideal if this methodology can be extended to characterize the 
diffusivities of wax molecules (straight alkane molecules) in water-in-oil emulsions.  However, 
due to the similarities in the molecular structures of wax and mineral oil, their 1HNMR signals 
overlap, posing a difficulty to directly measure the diffusivity of the wax molecules. 
In order to overcome this difficulty in wax 1HNMR diffusometry, one of the protons in the 
methyl group of the wax molecules is replaced with a fluorine atom.  The fluorine atom attached 
to the straight hydrocarbon chain can be detected using 19FNMR spectroscopy, while mineral oil 
does not display any signal on the 19FNMR spectrum.  The fluorine-substituted wax is noted as 
“F-Wax” in this study.  Without the interference from the mineral oil NMR signals, the 
diffusivity of F-Wax in can be measured.  Figure 4-12 shows the trend in (D/Dsingle) 
characterized with F-Wax as a tracer in comparison with the trends in (D/Dsingle) obtained 
previously using toluene and mineral oil as tracers. 
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Figure 4-12: The trend in (D/Dsingle) characterized with F-Wax as a tracer using 19FNMR 
diffusometry in comparison with the trends in (D/Dsingle) obtained previously with toluene and 
mineral oil as tracers using 1HNMR diffusometry 
As can be seen from Figure 9, the trends in (D/Dsingle) observed with toluene, mineral oil and F-
Wax are all consistent with one another.  This observation indicates that the diffusivity reduction 
(D/Dsingle) in emulsions also holds for the case of wax diffusion in emulsion. 
4.D.4 Evaluation and Improvements of Current Methods for the Modeling of Wax Diffusivity 
Reduction in Water-in-Oil Emulsion 
The diffusivity of wax is an important parameter in wax deposition modeling to predict the 
severity of wax deposition for the field.  For two phase flow wax deposition modeling, two 
empirical methods have been proposed to obtain the effective diffusivity of wax in water-in-oil 
dispersion72. 
 Method 1: Calculate the effective diffusivity of wax in water-in-oil emulsion based on 
Hayduk-Minhas/Wilke-Chang equations with the emulsion viscosity replacing the oil 
viscosity. 
 Method 2: Assume that the effective diffusivity of wax in water-in-oil emulsion equals 
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Neither of the methods has been validated in previous wax deposition studies72.  In this section, 
the validity of each of these approaches will be analyzed. 
4.D.5 Validation of the First Method: Replacing the Oil Viscosity in the Hayduk-Minhas/Wilke-
Chang Equations with Emulsion Viscosity 
We will first calculate the wax effective diffusivity in water-in-oil emulsion using the Hayduk-
Minhas and Wilke-Chang equations which are used to calculate the diffusivity in single phase 
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  (4-3) 
In order to account for the inhibitive effect of water droplets on wax diffusion, the oil viscosity, 
µo, in Equation (4-2)or (4-3) is replaced with the emulsion viscosity, µe.  The drawback of this 
approach is that the emulsion viscosity, µe, is usually significantly higher than the oil viscosity, 
µo, therefore the calculated diffusivity of wax in emulsion based on the emulsion viscosity, 
D(µe), can be lower than its actual value, leading to underestimates of wax deposition severity. 
The degree of underestimation is investigated in this study based on the dependence of the 
diffusivity on the viscosity: The Hayduk-Minhas/Wilke-Chang equations predict the following 
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Based on these dependencies of diffusivity on viscosity, the diffusivity reduction (D/Dsingle) can 
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In order to carry out this calculation, the viscosities of the oil and emulsions were measured 
using an AR-1000 rheometer with a cone and plate geometry.  Viscosity measurements were 
performed in the temperature range from 30°C to 0°C.  Figure 4-13 shows the measured 
viscosities of oil and emulsions with water cut ranging from 10% to 70%.  
 
Figure 4-13: Viscosity of emulsions with 10%, 30%, 50%, 70% WC in comparison with the 
viscosity of the oil (denoted as water cut = 0% in the figure) 
One observes that the emulsion viscosity increases drastically as water cut increases.  For 
example, at 25°C, the viscosity of the 70% WC emulsion ( e 4.91 ·sPa  ) is 200 times greater 
than the oil viscosity ( o 0.02 ·sPa  ).  Consequently, when one substitutes the emulsion and oil 
viscosities into Equations (4-6)and (4-7), one observes a reduction in the diffusivity in 70% WC 
emulsion by a factor of 200 when compared to the wax diffusivity in oil.,  Figure 4-14 shows the 
predicted diffusivity reduction as a function of water cut using Equation (4-6)and (4-7)in 



























Figure 4-14: Comparison between the predicted diffusivity reduction by inserting the emulsion 
viscosity into the Hayduk-Minhas Equation/Wilke-Chang Equation and the measured diffusivity 
reduction by NMR diffusometry 
As can be seen from Figure 4-14, Equations (4-6) and (4-7) significantly under-predict the 
diffusivity in emulsion, especially at high water cuts.  In the emulsion with a water cut of 70%, it 
was measured that the effective diffusivity equals approximately 70% of the diffusivity in 
absence of water droplets, invalidating the 200 times diffusivity reduction as predicted by 
Equations (4-6) and (4-7). This under-prediction of the diffusivity in water-in-oil emulsion is due 
to the fact that the real reason for the reduction in wax diffusivity in water-in-oil emulsions is the 
increase in transport path cause by the partial blockage of the water droplets.  Therefore, the 
approach of simply modifying the viscosity does not have the correct physical representation. It 
can further lead to a significant under-prediction in the wax deposition rate and can lead to 
specifying incorrect pigging frequencies. 
4.D.6 Validation of the Second Method: Assume that the Effective Diffusivity of Wax in Water-
in-Oil Emulsion Equals its Diffusivity in the Oil Phase 
The second method assumes that the effective diffusivity of wax in emulsions equals its 
diffusivity in the oil phase and then uses the diffusivity of wax in the oil phase for two phase wax 



















in the continuous oil phase.  However, no diffusivity reduction can be captured using this 
method.  Consequently, this approach of assuming that the effective diffusivity of wax in 
emulsion equals its diffusivity in the oil phase is inconsistent with the diffusivity reduction 
observed in experiments.  This approach for diffusivity calculation can lead to conservative 
prediction of the wax deposition rate and thickness. 
4.D.7 A Fundamentally Correct Method to Calculate the Effective Wax Diffusivity in Water-in-
Oil Dispersion to Predict Wax Buildup in Subsea Pipelines 
In order to be consistent with the physics of wax diffusion in water-in-oil emulsion, a 
fundamentally correct method to account for the inhibitive effect of dispersed water on wax 
diffusion should be developed based on the following two considerations: 
 Wax can only diffuse through the continuous phase.  Therefore, its effective 
diffusivity in the water-in-oil emulsion (D) should depend on its diffusivity in the oil 
phase (Dsingle). 
 Dispersed water droplets act as barriers to wax diffusion and the resulting decrease in 
the diffusivity in emulsion (D/Dsingle) can be related to the volume fraction of the 
water droplets ( ). 
Based on these two considerations, Jönsson investigated the effect of spherical transport barriers 
on the tortuosity of molecular diffusion by solving the diffusion equation analytically79.  In this 
study, the obstruction to diffusion was accounted for by imposing a “zero-flux” boundary 
condition at the surface of the spherical transport barriers, i.e. the diffusive flux normal to the 
surface of the spheres equals zero.  By solving the diffusion equation analytically, the effective 
diffusivity of molecules in a porous media with spherical transport barriers can be calculated 
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In this study, the comparison between the theoretical derivation and experimental measurements 
was carried out, as shown in Figure 4-15. 
 
Figure 4-15: The trend in (D/Dsingle) predicted by Jönsson’s equation in comparison with the 
measured trend in (D/Dsingle) 
As can be seen from Figure 4-15, the predicted trend in (D/Dsingle) using Jönsson’s equation is in 
excellent agreement with the measured trends with increasing water cut.  Consequently, 
Jönsson’s method can be a potential candidate as a fundamental approach to model wax diffusion 
in water-in-oil dispersed phase flow. 
4.E Conclusions 
In this study, the diffusivities of wax in water-in-oil emulsions were experimentally 
characterized for the first time.  It was discovered that dispersed water droplets inhibit wax 
diffusion by partially blocking its diffusion path.  The inhibitive effect of dispersed water 





















Two previously proposed empirical methods to model the diffusion of wax in water-in-oil 
emulsion were reviewed and the validity of each of these empirical methods was questioned.  It 
was found that the method of calculating wax effective diffusivity in emulsion by using an 
emulsion viscosity in the Hayduk-Minhas/Wilke Chang equations significantly under-predicts 
the diffusivity of wax in emulsion.  Using this method for wax diffusivity calculation in water-in-
oil dispersed phase flow wax deposition modeling will lead to a significant under-prediction of 
wax deposition rate and can be dangerous during the design of pigging.  Different from the two 
empirical methods, Jönsson’s approach calculates the diffusivity of wax in emulsion from first 
principles and its prediction was found to be in close agreement with NMR diffusometry 
measurements in this study. 
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Chapter 5 
A Fundamental Wax Deposition Model for Water-in-Oil 
Dispersed Flows in Subsea Pipelines 
5.A Introduction 
Wax deposition in subsea oil pipelines is a challenging problem in off-shore oil 
transportation as it causes a reduction in the cross-sectional area available for oil flow, 
thereby increasing the required pump pressure to maintain a specified production rate.  If the 
wax deposit is not removed periodically by the costly pigging operations, it can grow to too 
thick and hard and become virtually impossible to be removed by pigging, such as the case 
shown in Figure 5-1. 
 
Figure 5-1: A schematic of the layout of subsea pipelines and a cross section of the pipeline 
plugged by wax deposit21
Onshore Offshore
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Under such extreme circumstances, the only way to resume production is to dispatch deep 
sea divers to cut off the clogged pipe section at the cost of tens of millions of dollars11.  
However, excessively frequent pigging operations pose a severe economic burden on the 
upstream oil industry.  With the status of the global oil market, even the major operators must 
be extremely cautious when determining the pigging frequency.  Knowledge of wax 
deposition rates and thicknesses in subsea pipelines is crucial to the proper scheduling of 
pigging operations.  As a result, a substantial number of theoretical and experimental 
studies21,24–29,33,34,61  have been conducted in order to understand the physics of wax 
deposition and to predict the deposit growth rate and thickness.  Previous modeling studies 
focused mostly on single phase oil flows21,26–28,61.  However, multiphase flows, including oil-
gas/oil-water two phase flows and oil-gas-water three phase flows can occur in oil field 
operations.  Fundamental wax deposition models for multiphase flow patterns have not been 
developed.  Among the multiphase flow scenarios, oil-water two phase flows have gained 
increasing interests from the upstream oil industry as the water content of the production 
stream continues to increase as production time of a reservoir elapses.  Among the possible 
oil-water flow patterns, such as water-in-oil dispersed flow, oil-centered annular flow, 
stratified flow and oil-in-water dispersed flow63, wax deposition can occur from water-in-oil 
dispersed phase flow and stratified flow because in these two flow patterns, the pipe wall is 
completely or partly in contact with the oil phase.  Huang et al. developed a fundamental wax 
deposition model for oil-water stratified channel flow35.  The transportation of oil in most 
pipelines occurs in turbulent flow regime and the turbulent eddies intensively mix oil and 
water.  In comparison with water-oil stratified flow, water-in-oil dispersed flow is a common 
flow pattern in field operations as intensive mixing and the presence of natural surfactants65–
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68 together promote the formation of water-in-oil dispersion.  Nevertheless, no fundamental 
wax deposition model for this flow pattern has been developed.  The only wax deposition 
modeling study regarding water-in-oil dispersed flow, by Bruno et al., uses the pseudo-single 
phase (PSP) approach to model flow loop deposition experiments69.  In this investigation, the 
heat and mass transfer characteristics of wax deposition were analyzed using first principles 
from transport theories.  For heat transfer simulation, in addition to the pseudo-single phase 
approach used by Bruno et al.69, the two phase Eulerian-Eulerian method was applied.  
Comparisons between the simulation results from the two approaches for heat transfer 
modeling provide a guideline to select heat transfer model in wax deposition analysis.  For 
mass transfer simulation, reliable approaches to calculate the radial diffusive flux of wax 
were established based on the unique diffusion characteristic of wax in water-in-oil 
dispersion, i.e., diffusion occurs around the water droplets.  The wax deposition model 
combining the heat and mass transfer characteristics in water-in-oil dispersed flow was 
applied not only to model lab scale wax deposition experiments but also field scale wax 
deposition.  The roles of the water volume fraction and droplet size on wax deposition are 
uncovered with theoretical analysis. 
5.B Introduction of Wax Deposition Modeling for Water-in-Oil 
Dispersed Flows 
The wax deposition model developed in this work is based on the Michigan Wax Predictor26 
and consists of four sequential calculation steps: 1) a hydrodynamic calculation, 2) a heat 
transfer calculation, 3) a mass transfer calculation and 4) a deposit growth calculation.  At 
each time step t, the velocity profile of the oil-water mixture is first obtained based on the 
universal velocity profile for turbulent flow and the parabolic velocity profile for laminar 
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flow.  The velocity profile together with the water content and the droplet size distribution 
will be used as input parameters for the heat and mass transfer calculations to determine the 
temperature and dissolved wax concentration profiles.  Figure 5-2 shows a schematic of the 
unique heat and mass transfer characteristics associated with the water-in-oil dispersed flow. 
 
Figure 5-2: A schematic summarizing the heat and mass transfer characteristics for wax 
deposition in water-in-oil dispersed flow 
As can be seen from Figure 5-2, heat conduction from the flow to the cold wall can occur 
through water droplets.  Different from heat transfer, mass transfer cannot occur through the 
droplets as wax molecules cannot dissolve in water droplets and therefore must diffuse 
around them.  Based on the dissolved wax concentration profile, the radial flux of wax is 
calculated to obtain the deposit growth rates.  The computational grid is updated at the end of 
each cycle to account for the formation of a deposit layer and a new computational grid is 
used in the next time step, t + Δt.  This calculation procedure is repeated until the simulation 
time reaches a specified duration for wax deposition.  Detailed mathematical formulations of 
the modifications for the two-phase heat and mass transfer characteristics will be presented in 
the following sections. 
oil/water 
dispersed flow
dispersed water dropletscontinuous oil
pipe wall
heat loss mass diffusion
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5.C Hydrodynamic Calculations 
Predicting the velocity profile in water-in-oil dispersions is essential to subsequent heat and 
mass transfer calculations because “velocity” is an input parameter to solve the governing 
heat and mass transfer equations.  In carrying out the hydrodynamic calculations, it can be 
assumed that, owing to their small sizes, the dispersed water droplets move at the same 
velocity as the continuous oil phases.  This assumption is realistic and significantly simplifies 
the mathematical formulation of the hydrodynamic calculations.  This assumption can be 
justified by the following argument.  Hypothetically, if a water droplet moves at a velocity 
different from that of the surrounding oil, the drag force from the oil phase will quickly 
accelerate or decelerate the droplet until the velocity difference is eliminated.  For example, 
with a typical oil phase viscosity of 10 c.P., it requires only ~0.1 second to accelerate a 1 
mm-diameter droplet from stationary to reach 99% the velocity of the surrounding oil.  A 
typical water-in-crude oil emulsion contains droplets that are smaller than 1 mm80,81 and it 
then requires even less than 0.1 seconds for the droplet to be accelerated to the same velocity 
as the surrounding oil. 
Because of the negligible local velocity difference between the oil and water phases, these 
two phases can be lumped into a single pseudo-phase whose velocity profile can be used to 
represent the velocity profiles of both phases.  Equations from the original single phase 
MWP were used to calculate the velocity profile with the viscosity of the water-in-oil 
dispersion mixture replacing that of the oil.  Detailed equations for the hydrodynamic 
calculations can be found in the study by Huang et al.26 and thus will not be repeated here.  
These equations were also included in Appendix D. 
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5.D Heat Transfer Calculations 
Heat transfer models are used to calculate the temperature profile of the oil, which will be 
used as the input for the calculation of concentration profile of dissolved wax.  Two 
approaches can be used to perform the heat transfer modeling: the pseudo-single phase (PSP) 
approach69 and the Eulerian-Eulerian (E-E) approach82.  Detailed mathematical formulations 
of both approaches will be introduced in the subsections.  The E-E approach is theoretically 
rigorous although computationally intensive.  Under certain operating conditions, such as 
fine droplet diameter and slow heat loss rate to the ambient, the computationally efficient 
PSP model can be used without causing significant error.  Comparison between the PSP and 
E-E models under various operating conditions will be shown in this section as well. 
5.D.1 Eulerian-Eulerian (E-E) Approach 
5.D.1.a  The Heat Transfer Governing Equations and Boundary Conditions 
The Eulerian-Eulerian (E-E) approach uses two variables, To(r,z) and Tw(r,z) to describe the 
oil and water temperature profiles.  To determine To and Tw, two sets of governing heat 
transfer equations and boundary conditions need to be solved.  The governing equation of the 
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The first term on the left-hand side of Equation (5-1) represents the energy flow by advection 
in the axial direction.  The second term represents the heat transfer in the radial direction.  









 , to the material thermal conductivity, ko. 
The first two terms in Equation (5-1) are also present in the heat transfer governing equation 
for single phase wax deposition modeling26.  In addition to the convective and conductive 
heat transfer modes, heat exchange can also occur between oil and water droplets if the local 
temperatures of the two phases are different.  The third term in Equation (5-1) represents the 
local heat exchange between the oil and water phases. 
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For the simplicity of coding, the overall heat transfer coefficient, Uextn, is used in the third 
boundary condition, i.e. boundary condition (5-2c), to lump the thermal resistances due to the 
sea water flow/coolant flow outside the pipe and the insulation by the wax deposit layer. 
The governing equation and the boundary conditions for the water phase are similar to those 
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Note that a zero-flux boundary condition, i.e. boundary conditions (5-4c), is imposed on the 
water phase at the pipe wall.  This boundary condition is used in order for the heat transfer 
characteristics to be consistent with the flow pattern.  As the water phase is assumed to be 
dispersed, water droplets are not in direct contact with the wall and therefore do not conduct 
heat through the pipe wall83. 
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The governing equations are discretized and solved numerically using the numerical 
techniques provided by Oosthuizen and Naylor84.  The two governing equations are coupled 
as the heat exchange terms contain both To and Tw.  Consequently, iterations are necessary to 
solve for To and To simultaneously, causing the E-E approach to be more computationally 
intensive than the PSP approach. 
5.D.1.b  Modeling the Heat Exchange between the Oil and Water Phases 
It should be noted that the heat transfer model is not completed at this point as the calculation 
of heat transfer coefficient between the oil and water phases, hinter, has not been specified.  
The interphase heat transfer coefficient, hinter, between the continuous oil phase and the 
dispersed water phase with a volume fraction of w  and uniform droplet diameter of dw can 
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As can be seen from Equations (5-5), hinter scales with dw
-2.  When the dispersed water 
droplets have a size distribution specified by the probability density function, P(dw), for the 
droplet size dw, the heat transfer coefficient between two phases can be calculated by the 






















The derivations of Equations (5-5) and (5-6) are included in Appendix E in the supporting 
information.  As can be seen from Equations (5-5) and (5-6), inputting an accurate droplet 
size distribution is essential to accurately modeling the inter-phase heat transfer.  The droplet 
size distribution thus becomes an additional input parameter required for water-in-oil two 
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phase wax deposition modeling when compared to single phase wax deposition modeling.  
Pulsed-NMR techniques81 or microscopy experiments89 can be used to measure the water 
droplet size distribution.  When experimental characterization is not feasible, the droplet size 
can be estimated based on dimensional analysis reported in the studies by Grace90, Hinze et 
al.91, Brauner et al.92 or Cai et al.93.  Unfortunately, using the methods in these studies, one 
can only determine the upper and lower limits of the droplet diameter while the entire droplet 
size distribution cannot be predicted.  A sensitivity analysis on the droplet diameter should 
then be performed to estimate the uncertainties in the deposit thickness due to the varying 
droplet diameter. 
5.D.2 Pseudo-Single Phase (PSP) Approach 
The pseudo-single phase (PSP) approach treats the water-in-oil dispersion as a single pseudo-
fluid whose physical properties are calculated by averaging the corresponding physical 
properties of oil and water, as given in Equations (5-7) to (5-9). 
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The density of the pseudo-fluid is calculated by volume-based averaging.  The heat capacity 
is calculated by weight-based averaging.  The thermal conductivity is calculated using 
Maxwell’s correlation94.  These averaged physical properties are then used in the heat 
transfer governing equation and the corresponding boundary conditions, as shown in 
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By lumping of the oil and water phases into one pseudo-fluid, only one temperature variable, 
T, is needed to describe the temperature distributions in both phases, which intrinsically 
assumes that the inter-phase heat exchange between oil and water is instantaneous.  It should 
be noted that under certain conditions, the PSP approach becomes superior to the E-E 
approach due to its computational efficiency.  For example, when the droplet size is fine, a 
large interfacial area is available for inter-phase heat transfer, resulting in rapid heat transfer 
between the oil and water phase.  The prediction from the PSP approach is then consistent 
with those from the E-E approach.  In the next subsection, the applicability of the E-E and 
PSP approaches under typical field and lab conditions will be assessed in order to provide 
guidelines to select the heat transfer model for water-in-oil dispersed phase flow wax 
deposition modeling. 
5.D.3 Comparison between the PSP and E-E Approaches 
The comparison between the PSP and E-E approach is performed based on typical 
parameters in a field scale pipeline as well as a lab scale flow loop.  These parameters can be 
found in Appendix F of the supporting information. 
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5.D.3.a  Field Scale Simulations 
The axial evolutions of the oil and water phase temperatures at the wall were calculated and 
shown in Figure 5-3.  Note that the dimensionless oil and water phase temperatures, θo and 
θw, defined in Equation (5-12), instead of the actual temperatures were plotted for a clearer 








































Figure 5-3: Dimensionless oil/water temperature profiles at wall predicted using the E-E 
approach and the PSP approach by assuming (a) dw = 1mm and (b) dw = 1μm.  The water 
volume fraction in these simulations is fixed at 0.5. 
Figure 5-3 shows the axial evolutions of the dimensionless temperatures generated with a 
droplet diameter of (a) 1mm and (b) 1μm.  One observes from Figure 5-3 that the predicted 
temperature profiles evolutions are not sensitive to the droplet diameter.  It should be noted 
that the external heat transfer coefficient of a field scale pipeline is usually small (on the 
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phase will be limited by the heat loss rate to the ambient while is not limited by the heat 
transfer rate between oil and water even when the droplet diameter is as large as 1 mm.  
Under these conditions, the PSP approach will generate temperature profile predictions 
similar to the E-E approach for both fine droplets (dw = 1μm) and coarse droplets (dw = 
1mm).  The take-away from this analysis is that the pseudo-single phase approach can be 
used for field scale simulations. 
5.D.3.b  Lab Scale Simulations 
Unlike field operations, lab scale flow loop wax deposition experiments usually require 
forced convection of a coolant stream in the test section to induce wax deposition.  The 
external heat transfer coefficient associated with this setting is usually on the order of 1 
kW/m2/K39.  The evolution of the axial temperature profiles of the oil and water phases with 
different droplet diameters and an external heat transfer coefficient of 1 kW/m2/K are shown 
in Figure 5-4. 
 
Figure 5-4: Dimensionless oil/water temperature profiles at wall predicted using the E-E 
approach and the PSP approach by assuming (a) dw = 1mm and (b) dw = 1μm.  The water 
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As can be seen from Figure 5-4, the droplet diameter has a significant impact on the 
predicted temperature profiles.  The take-away from this analysis is that when the droplet 
diameter is large, the temperature profile evolution is limited by the heat transfer between 
the oil and water phases, causing the PSP approach to break down as it cannot resolve this 
heat exchange.  The lab scale heat transfer model showed good performance when applied to 
predict the heat transfer rate in a laboratory rectangular channel70,95.  Details with respect to 
this application of the heat transfer model is included in Appendix G. 
5.D.3.c  Dimensionless Analysis 
A dimensionless analysis was performed in order to 1) identify the dimensionless groups that 
govern the heat transfer characteristics, 2) explain the different heat transfer characteristics 
between field scale and lab scale simulations based on the different characteristic values of 
the dimensionless numbers encountered in these simulations and 3) to propose reliable rules 
of thumb to select a more appropriate heat transfer approach between the PSP and E-E 
approaches. 
De-dimensionalization of the heat transfer governing equations and boundary conditions was 
performed using the following definitions for dimensionless variables. 
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The dimensionless form of the oil phase heat transfer equation is shown in Equation (5-14). 
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Two dimensionless numbers, i.e., the Péclet number, PeR and the Stanton number, StR, 
surfaced through the de-dimensionalization of Equation (5-1) and are given in Equations (5-





















  (5-17) 
The subscript “R” in the definitions for the Péclect and Stanton numbers represents that the 
radius of the pipe is used as the characteristic length scale.  The dimensionless boundary 





















The boundary conditions have been given in dimensionless form with the external heat 
transfer coefficient, thermal conductivity of the oil and pipe radius grouped in the Nusselt 
number NuR.  Among the three dimensionless numbers, StR and NuR directly affect the heat 
transfer characteristics.  StR characterizes the rate of heat exchange between the oil phase and 
the water droplets phase while NuR characterizes the rate of heat loss from the oil phase to 
the coolant stream or the surrounding sea water through the pipe wall.  In order to present the 
roles of StR and NuR on the temperature profile predictions, the dimensionless governing 
equations and boundary conditions were solved with various combinations of these two 
parameters, i.e., different pairs of (StR, NuR).  The maximal differences between the 
dimensionless oil and water temperatures, Δθmax = (θw-θo), generated with different pairs of 
(StR, NuR) were shown in Figure 5-5.  Δθmax is an efficient indicator of the validity of the PSP 
model.  A large Δθmax suggests that the PSP model is invalid as it cannot resolve this 
difference between the oil and water phase temperatures. 
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Figure 5-5: Assessment of the applicability of the pseudo-single phase (PSP) approach for heat 
transfer calculation under various (StR, NuR) conditions 
In Figure 5-5, a difference between the dimensionless water and oil temperatures of 0.5, i.e. 
Δθmax = 0.5 represents that the maximal difference between the water and oil phase interface 
temperatures among all axial positions is 50% that of the difference between the inlet 
temperature and the ambient/coolant temperature.  As can be seen from Figure 5-5, the effect 
of droplet size on heat transfer becomes less profound as NuR decreases because at low 
values of NuR, the temperature profile evolution is no longer limited by the heat transfer rate 
between oil and water but limited by the heat loss rate to the coolant stream/surrounding sea 
water.  Such heat transfer characteristics at low NuR can usually be encountered with small 
external heat transfer coefficients such as the ones used in field scale simulations.  As can be 
seen in Figure 5-5, the PSP approach is likely to breakdown at high NuR and low StR 
conditions, which can be encountered with intensive cooling by the ambient/coolant in lab 
scale simulations.  Table 5-1 provides some quantitative rules of thumb to select the 



























































Table 5-1: Recommended selection for heat transfer model based on the characteristics 
dimensionless number, NuR and StR 
 
5.E Mass Transfer Calculations 
It is accepted that molecular diffusion is the main mechanism responsible for wax 
deposition11,21,24–28,33,34,61.  In order to calculate the radial diffusive flux of wax molecules and 
the deposit growth rate, the concentration profile dissolved wax in the oil phase needs to be 
determined by solving the governing equations, i.e., Equations (5-19). 
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The bulk precipitation kinetic constant, kprecipitation, cannot be easily characterized in a flowing 
system such as in a field pipeline or a laboratory flow loop.  Consequently, wax deposition 
simulations are usually performed by assuming one of the two limiting situations: 





















 instantaneous precipitation of wax in the bulk ( precipitationk and 
wax wax,eqCC  ), also known as the solubility method
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These two simulations are expected to provide reliable estimations for the most conservative 
(the largest deposit) and optimistic (the smallest deposit) estimations of deposit thickness 
respectively.  Two methods to calculate the diffusivity of wax were proposed for these two 
limiting cases for bulk precipitation kinetics.  These two methods will be explained in detail 
in the subsections to follow. 
5.E.1 The Chilton-Colburn Method 
It should be noted that in water-in-oil dispersed phase flows, diffusion of wax can only occur 
in the oil continuous phase as the wax molecules are insoluble in water droplets.  In order to 
incorporate these mass transfer characteristics in the governing equations, the following 
boundary condition needs to be imposed on the oil-water interfaces of each and every water 
droplet. 
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The governing equations and the boundary conditions shown in Equations (5-19)- (5-21) 
appear to be mathematically simple and one might be tempted to solve this system using 
conventional computational fluid dynamics (CFD) techniques.  However, before going down 
this path, we first need to estimate the computational intensity of a conventional CFD model 
by estimating the number of cells in the computational domain of the entire pipe.  We will 
perform this estimation by considering a 1-km, 12-in. (0.305 m) pipe section filled with a 
water-in-oil dispersion at a water volume fraction of 0.1.  If the droplets have a uniform 
diameter of 10 microns, we can calculate that this imaginary pipe section contains as many as 
100 
1015 water droplets.  In order to resolve the diffusion of wax molecules around the water 
droplets, the computational cells in the vicinity of the droplet-oil interfaces should be finer in 
size than the water droplets, resulting in even more than 1015 computational cells to be 
constructed for the entire computational domain.  Such computational intensity forbids 
naive” CFD simulations without any “tailor-made” modifications.  Strategies to reduce 
computational intensity were developed in this study and will now be presented in the 
upcoming subsections. 
5.E.1.a  Approach I – Method of Volume Averaging 
In order to reduce computational intensity, the method of volume averaging technique uses 
effective transport properties to account for the impact of transport barriers, such as water 
droplets.  It should be emphasized that the method of volume averaging is applicable when 
the droplet diameter (e.g. ~ 1μm) is significantly smaller than the mass transfer boundary 
layer thickness (e.g. ~100 μm).  Under this condition, the boundary layer contains a sufficient 
number of droplets and has a homogeneous microstructure, which guarantees that volume 
averaging can generate representative effective transport properties. 
One can account for the partially blocked wax diffusion by using Deff in place of Dwo in the 
governing equation.  The effective diffusivity in dispersion can be predicted with the method 
of volume averaging by first solving the mass balance in a control volume with a sufficient 
number of water droplets and the integrated volume-averaged flux can then be compared 
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The predicted effective diffusivity by CFD is compared with the predictions by the Maxwell-
Garnett equation in Figure 5-6.  Other computational details regarding the CFD model can be 
found in Appendix H of the supporting information. 
 
Figure 5-6: Comparison between the effective diffusivity estimated by the microscopic model 
and theoretical values by Maxwell-Garnett correlation 
As can be seen from Figure 5-6, excellent agreement is achieved between (Deff/Dwo) 
predicted by the Maxwell-Garnett equation and by the CFD model and thereby validating the 
CFD model.  The variation of the effective diffusivity with water volume fraction is also 
consistent with the effect of water volume fraction on the tortuosity of the continuous oil 
phase measured by NMR89. 
5.E.1.b  Approach II – Method of Ensemble Averaging 
The method of volume averaging fails when the droplet size is comparable to or larger than 





























boundary layer thickness, droplets will not fit into the mass transfer boundary layer.  
Consequently, the mass transfer boundary layer has a lower water volume fraction than the 
bulk.  The volume fraction of the entire flow is thus not representative of the water volume 
fraction of the boundary layer.  Under this circumstance, a novel method, the method of 
ensemble averaging is proposed to model the mass transfer around droplets.  This method of 
ensemble averaging is initiated by solving the mass transfer equation at the pipeline scale by 
assuming Deff = Dwo as an initial guess, shown as “Step-1” in Figure 5-7
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Figure 5-7: The algorithm to evaluate the effective diffusivity in the vicinity of the wall when the droplet size is larger or comparable to 
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Step 1: Solve the macroscopic mass transfer equation with initial guesses: Deff = Dwo, 
εM,eff = εM
Step 2: Use the concentration profiles from macroscopic simulations from step 1 as 
inputs to microscopic simulations as boundary conditions.
Step 3: Solve the microscopic mass transfer equation.  A series of parallel cut-planes 
are then constructed and the diffusive mass transfer rate across each plane calculated 
based on the solution to the concentration profile.
Step 4: Compare the mass transfer rate across the cut-plane in presence of droplets 
with that in absence of droplets to calculated effective diffusivity.  The effective 
diffusivity is then used in a second macroscopic simulation to determine mass flux of 
wax to the interface.
Step 5: Repeat Step 1 through Step 4 until the predicted macroscopic radial 
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The preliminary concentration profiles obtained by the macroscopic simulation are then used as 
the boundary conditions for a microscopic CFD simulation carried out at a region in the 
immediate vicinity of the pipe wall, shown as “Step-2” in Figure 5-7.  A series of cut planes are 
then constructed in parallel with the wall and the diffusive mass transfer rates across each cut 
plane, 
wax cutplanedJ A , are calculated and compared to the mass transfer rate in absence of the 
water droplets, 
wax,0 cutplane,0dJ A , shown as “Step-3” in Figure 5-7.  Based on the comparison 
between the calculated mass transfer rates with and without droplets, a local diffusivity reduction 
parameter can be defined according to Equation (5-23). 
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 (5-23) 
This reduction in diffusivity is then incorporated into the macroscopic modeling with the 
effective diffusivity, replacing the molecular diffusivity, shown as “Step-4” in Figure 5-7.  Steps 
1-4 are repeated until the predicted macroscopic concentration profile no longer changes.  This 
converged concentration profile is then used to calculate the flux toward the wall/interface.  





Figure 5-8: Diffusivity reduction parameter calculated with three varying droplet diameters: 1) the 
boundary layer thickness being 200 times the droplet diameter, 2) the boundary layer thickness 
being 10 times the droplet diameter and 3) the boundary layer thickness being 2 times the droplet 
diameter 
As can be seen from Figure 5-8, the reduction in diffusivity at the interface/wall (y/d = 0) 
becomes less significant as the droplet diameter increases.  It should be noted that the droplet 
configurations in the control volume is generated by packing spheres into a cubic simulation box 
with Monte Carlo simulation97,98.  Therefore, periodic oscillations in the diffusivity reduction are 
observed due to the oscillations in the local porosity of the sphere packing.  Several microscopic 
configurations of the droplets were generated to form an ensemble and the predicted diffusivity 
reduction was averaged over all configurations to obtain an ensemble-average of the diffusivity 
reduction.  Details of the ensemble average method to obtain the effective diffusivity can be 
found in Appendix I of the supporting information. 
In summary, when the boundary layer thickness is much larger than the droplet diameter, the 
retarded molecular diffusion in the boundary layer due to droplets can be accounted for using 
the effective diffusivity calculated by the Maxwell-Garnett equation.  When the boundary layer 
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overestimates the hindrance of droplets to molecular diffusion.  The method of ensemble 
averaging is more reliable for mass transfer modeling. 
5.E.2 The Solubility Method 
For the case of instantaneous bulk precipitation, it was discovered through CFD simulation that 
the concentration of dissolved wax within the oil phase is at the equilibrium concentration at 
local temperature and is not affected by the presence of the water droplets.  Details regarding the 
CFD simulation were provided in Appendix J.  As a result, mass transfer calculations are not 
necessary to determine the dissolved wax concentration profile for the case of instantaneous 
precipitation.  The diffusive flux of wax reaching the oil/deposit interface (or oil/wall interface at 
t = 0+) can be calculated based on the wax equilibrium concentration gradient and the molecular 














The calculated flux of wax can then be used to determine the deposit growth rate. 
5.F Applications of the Algorithm in Wax Deposition Modeling 
5.F.1 Case Study 1: Wax Deposition in a Lab Scale Flow Loop Apparatus 
Although multiple experimental studies69–71 have showed that wax deposit thickness tends to 
decrease with increasing water volume fraction, a detail theoretical analysis of this experimental 
observation is lacking.  In this section, a theoretical analysis is performed to understand the role 
of the water phase on the deposit thickness from fundamentals of heat and mass transfer.  The 
input parameters for simulation are based on the experimental conditions of the flow loop 
experiments by Bruno et al69.  These input parameters were summarized in Appendix K of the 
supporting information.  The water volume fraction of the simulation is varied from 0% to as 
high as 75%.  The solubility method, i.e., instantaneous bulk precipitation kinetics, is used for 
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this set of simulations.  The comparison between the deposit thickness predictions and the 
experimentally measured thickness is shown in Figure 5-9. 
 
Figure 5-9: Comparison between predicted and measured deposit thickness-time trajectory with 
varying water volume fractions 
As can be seen from Figure 5-9, the model predicts the experimental trend of decreasing deposit 
thickness as a function of increasing water volume fraction, which serves as a first validation of 
the model.  It can also be observed from the experimental thickness-time trajectories that the 
deposit thickness decreases with time on several occasions, suggesting slough-off of deposit by 
the shear force.  The slough-off of deposit is random and cannot be accounted for in wax 
deposition modeling.  Now we will analyze the trend of decreasing deposit thickness with 
increasing water volume fraction based on heat and mass transfer analysis.  The thickness of wax 
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The water phase can affect the concentration driving force, (Cbulk-Cwall) and the boundary layer 
thickness δBL.  The effect of water volume fraction on the boundary layer thickness is first 



















































different water volume fractions.  As can be seen from the predicted radial concentration profiles 
of dissolved wax shown in Figure 5-10, the concentration boundary layer thickness increases 
with increasing water volume fraction due to the increase in viscosity of the water-oil mixture, 
leading to a decrease in the concentration gradient of wax and deposition rate. 
 
Figure 5-10: Predicted radial concentration profiles of dissolved wax with varying water volume 
fractions 
Now let’s consider the effect of the water phase on the concentration driving force for wax 
deposition, (Cbulk-Cwall), which depends on the concentrations of wax dissolved in the bulk and at 
the wall, Cbulk and Cwall respectively.  Due to the short length of the experimental test section, the 
bulk temperature remains almost unchanged across the test section, as evidenced by the fact that 
the bulk temperature at the outlet remained within 1 °C from the inlet temperature.  The wall 
temperature is also insensitive to the water volume fraction.  The oil temperature at the interface 
varied between 12.6°C and 10.5°C when the water volume fraction was varied between 0 vol.% 
and 75 vol.%.  It should be noted that the oil temperature at the interface is close to the coolant 
temperature due to the large external heat transfer coefficient, hextn.  Because of the negligible 
changes in the bulk and interface temperatures with varying water volume fraction, the 
concentration driving force is also insensitive to the water volume fraction.  The decreased 
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deposit thickness with increasing water volume fraction is explained by the retarded heat 
transfer due to the increase in viscosity when there are water droplets dispersed in oil. 
5.F.2 Case Study 2: Field Scale Wax Deposition Predictions 
The goal of this model development is to predict wax deposition rates in field scale oil pipelines.  
Therefore, it is desirable to bench-mark our model with wax deposition data from actual subsea 
pipelines.  Unfortunately, no such wax deposition data is available in the public domain.  The 
performance of this model will be evaluated by simulating wax deposition under the field scale 
operating conditions included in Appendix L.  The wax solubility and viscosity curves used in 
this case study are identical to those used in the previous lab scale case study. 
The water volume fraction in the feed is varied from 0 vol.% to 50 vol.%.  Figure 5-11 shows the 
predicted deposit thickness. 
 
Figure 5-11: Predictions of axial deposit thicknesses in a field pipeline with varying water volume 
fractions in the feed 
Two observations can be made from Figure 5-11.  First, the water phase significantly delays the 
onset of wax deposition and second, deposit thickness increases with increasing water volume 
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As the water volume fraction of the feed varies from 0 vol.% to 50 vol.%, the onset location of 
wax deposition is shifted downstream by almost 10 km.  This observation can be explained by 
the change in the oil temperature at wall with varying water volume fraction.  Figure 5-12 shows 
the predicted wall temperature at different water volume fractions. 
 
Figure 5-12: Axial oil temperature at wall with varying water volume fractions 
As can be seen from Figure 5-12, the wall temperature in the axial direction decreases at a slower 
rate with an increased water volume fraction in the feed.  Hence, the water phase acts as a heat 
carrier and retards the decrease of wall temperature with axial position.  Therefore, the wall 
temperature reaches the wax appearance temperature at an axial location further from the 
entrance, thus shifting the onset of wax deposition towards downstream. 
In addition to the delay in the onset of wax deposition, the local deposit thickness increases with 
the increasing water volume fraction.  This trend at first appears to be counter-intuitive!  The 
increase in deposit thickness with increasing water volume fraction can be explained by 
inspecting the heat flux from the oil to the ambient surroundings.  The correlation between the 
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As can be seen from Equation (5-26), the deposition rate increases with increasing heat flux from 
the oil to the surrounding sea water, Qoil to ambient.  As the wall temperature, Twall, increases with 
increasing water volume fraction, so does the heat flux to the surrounding sea water: Qoil to ambient 
= hextn(Twall-Tambient).  Thus, the local deposition rate increases with water volume fraction.  It 
should be noted that the deposit thickness decreases with increasing water volume fraction in the 
lab scale simulation while the deposit thickness increases with increasing water volume fraction 
in this field scale simulation.  The opposite trends of the deposit thickness as a function of water 
volume fraction will now be analyzed.  
In lab scale simulations, a large external heat transfer coefficient (on the order of 1 kW/m2/K) is 
used to represent the intensive cooling by forced convection of a coolant stream around the hot 
oil flow.  The thermal resistance of the oil flow is larger than the thermal resistance of the 
coolant stream.  Consequently, the overall thermal resistance to heat loss from the oil to the 
coolant is dominated by the thermal resistance of the oil flow.  As a result, the increase in the 
viscosity of the oil-water flow with increasing water volume fraction causes a corresponding 
increase in the overall thermal resistance and retards the heat loss, leading to a decrease in 
deposition rate in lab scale simulations.  In a field scale simulation, a small external heat transfer 
coefficient (on the order of 0.01 kW/m2/K) was used to represent the cooling by sea water.  As a 
result, the overall thermal resistance of heat loss from a field scale pipeline is dominated by the 
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thermal resistance of the surrounding sea water and the increase in the fluid viscosity by water 
does not impact heat transfer significantly.  On the other hand, the water phase generates a large 
temperature driving force for heat transfer by raising the interface temperature due to the high 
heat capacity of the water.  This increase leads to a higher heat loss rate and therefore higher 
deposition rate at higher water volume fraction in field scale simulations.  The opposite trends in 
the deposit thickness with varying water volume fraction predicted with lab scale and field scale 
simulations challenge the relevance of lab scale experiments on water-in-oil dispersed phase 
flow performed previously69–71. 
5.F.3 Case Study 3: The Effect of Droplet Size on Wax Deposition  
It should be noted that no investigation, theoretical or experimental, has been performed to 
understand the effect of droplet size on wax deposition rate owing to the lack of a fundamental 
wax deposition model.  Previous elementary modeling studies consider the water and oil mixture 
as one pseudo-fluid and therefore cannot resolve the effect of droplet size on wax deposition.  In 
order to provide insights to the effect of droplet size on wax deposition rate, we now perform two 
wax deposition simulations by assuming a droplet diameter of 1mm and 1μm respectively.  The 
Chilton-Colburn approach was used for the bulk precipitation kinetics.  The pipe dimensions, 
operating conditions and fluid properties were summarized in Appendix M.  Figure 5-13 shows 





Figure 5-13: Comparison between deposit thickness predictions generated with an assumed droplet 
diameter of 1mm and an assumed droplet diameter of 1 μm 
Two observations can be made from Figure 5-13 
 The plateau of the wax deposit thickness predicted with a droplet diameter of 1 mm is 
higher than that predicted with a droplet diameter of 1μm. 
 The rate that the thickness approaches the plateau value is higher for droplet diameter 
of 1 mm compare to that of a droplet diameter of 1 μm. 
These two observations are due to the different roles of droplet size on heat and mass transfer 
respectively.  Firstly, the thickness reaches a plateau value when the interface temperature 
reaches the WAT due to the insulation provided by the deposit layer.  As the droplet size 
decreases, it is easier for water to supply heat to the oil phase and raise the oil phase temperature.  
As a result, at smaller droplet sizes, the interface temperature reaches the WAT more rapidly and 
with a thinner deposit layer.  The reduced deposition rate with decreasing water droplet size can 
be understood by inspecting the characteristics wax flux generated with different water droplet 
diameter.  The definition of the characteristic wax flux was first proposed by Huang et al. in 
order to explain the effect of operating temperature on wax deposition27.  Equation (5-27) gives 
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(5-27) 
Note that the molecular diffusivity of wax, Dwo, in Huang et al.’s original definition is replaced 
with the effective diffusivity, Deff, in order to account for the hindered diffusion of wax due to 
dispersion of water droplets.  Table 5-2 summarizes the important parameters in the calculation 
of the characteristic wax flux. 
Table 5-2: Comparison of the parameters for the characteristic mass flux associated with different 
assumed droplet diameters 
  
As can be seen from Table 5-2, the concentration driving forces, (Cbulk-Cwall), predicted with 
different droplet diameters are virtually the same, while the effective diffusivity increases by a 
factor of approximately two when the droplet diameter increases from 1 micron to 1 millimeter.  
This impact of the change in effective diffusivity on wax deposition rate has not been previously 
investigated or reported in literature.  Another simulation was performed with a droplet diameter 
at 1 millimeter and the method of volume averaging for the diffusivity calculation.  It was 
observed that the initial deposition rate varies from 3.0 mm/hr to 1.8 mm/hr when the method of 
volume averaging is used.  It should be noted that this ~40% underprediction is sometimes 
acceptable when generating a first estimation of the wax deposition rate during the design phase 
of field development.  The method of ensemble averaging is of better physical basis while the 
method of volume averaging can also be used for engineering applications as a first estimation. 
d = 1 μm d = 1 mm
T oil (°C) 45 45
T wall (°C) 18 12
(C bulk-C wall) (wt.%) 4.86 5.13
D eff,wall (×10
-10 m2/s) 0.27 0.49
J wax (×10




In this study, a wax deposition model in water-in-oil dispersed flows was developed.  Two 
approaches for heat transfer calculations, i.e., the pseudo-single phase approach (PSP) and the 
Eulerian-Eulerian approach (E-E), were introduced and compared.  The following characteristics 
were observed for the two heat transfer models: 
 E-E approach is suitable for cases with high external heat transfer coefficient and coarse 
droplets. 
 PSP model is suitable for cases with low external heat transfer coefficient or fine 
droplets. 
It was pointed out that mass transfer modeling is not necessary when the solubility approach is 
used for bulk precipitation kinetics.  When the Chilton-Colburn approach is used for the bulk 
precipitation kinetics, two methods for mass transfer modeling can be used depending on the 
relative sizes of the droplet and the mass transfer boundary layer.  The following mass transfer 
characteristics were discovered from mass transfer analysis: 
 When the droplet size is much smaller than the mass transfer boundary layer, the effect of 
water droplets on mass transfer can be accounted for by using an effective diffusivity 
calculated using the Maxwell-Garnett equation. 
 When the droplet size is comparable/larger than the mass transfer boundary layer 
thickness, droplets cannot fit into the boundary layer.  Therefore, the hindrance of 
molecular diffusion is less profound than the case with fine droplets.  The effective 
diffusivity can be calculated by a novel method of ensemble averaging. 
With these enhancements in the heat and mass transfer calculations, wax deposition modeling 
was performed with both lab and field scale operating conditions to understand the different roles 
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of the water phase on wax deposition.  The following impacts of the water phase on the wax 
deposition characteristics were discovered. 
 In lab scale simulations, wax deposition rate decreases with increases water volume 
fraction in the bulk because of the expansion of thermal and mass transfer boundary 
layer associated with the increase in the fluid viscosity when water is dispersed in oil. 
 On the contrary, in field scale simulations, wax deposition rate increases with 
increasing water volume fraction in the feed as the water phase preserves temperature 
and concentration driving forces for deposition due to its high heat capacity. 
 The wax deposition rate also decreases with decreasing droplet diameter.  When the 
droplet size is comparable or larger than that of the mass transfer boundary layer, the 
mass transfer within the boundary layer is not hindered as profoundly as when the 




Entrapment of Water Droplets in Wax Deposits from Water-in-Oil 
Dispersion and Its Impact on Deposit Build-up 
6.A Introduction 
Water and oil commonly co-exist in the production stream from petroleum reservoirs62.  The 
production stream is mainly composed of hydrocarbons and with low water content at early 
stages of well production because hydrocarbons usually lie above the aquifer and flow out of the 
well before water.  The water content of the production stream usually increases over time99.  
Moreover, at the terminal stages of well production, the well is flooded with water, resulting in a 
significant amount of water in the production stream100–102.  Wells with water contents higher 
than 90% can still produce an economically valuable amount of oil103.  During pipeline 
transportations of the crude, co-existence of water and oil in the production stream can generate 
complex multiphase flow patterns, including water-in-oil dispersed flow70,104, oil-in-water 
dispersed flow105,106, annular flow107, stratified flow64, etc.  Crude oil usually contains natural 
surfactants such as resins and asphaltenes65–68.  Mixing of water and oil in presence of these 
natural surfactants by turbulence eddies promotes the formation of water-in-oil dispersion, 
making it a common multiphase flow regime in oil production.  In the water-in-oil dispersed 
flow pattern, the oil phase is in contact with the pipe wall.  As a result, wax deposition can occur 
when the temperature of the inner pipe wall is below the wax appearance temperature69,70,104
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Wax deposition poses severe risks to off-shore assets.  The presence of dispersed water droplets 
can affect the wax deposition characteristics.  Bruno et al, Couto et al., Panacharoensawad and 
Sarica and Zhang et al69–71,80. performed wax deposition experiments with cold finger or flow 
loop apparatus using crude oils.  It was observed that wax deposition rate decreases with 
increasing water content in the bulk.  Similar trend in the effect of water on wax deposition rate 
was also observed by Kasumu and Mehrotra108.  Wang et al. and Quan et al. observed non-
monotonic variation in the deposition rate with increasing water content104,109.  The investigators 
explained the non-monotonic variation in the wax deposition rate based on a combination of 
diffusion and gelation mechanism.  Wang et al. further advanced the understanding of the gelling 
deposition mechanism on wax deposition and proposed an algebraic model to calculate 
deposition rate based on this mechanism110. 
Different from wax deposition from single phase oil flow, it was observed that the deposits 
formed from water-in-oil dispersed flow could contain water droplets69,70,104.  It should be noted 
that entrapment of water droplets in the deposit significantly alters the rheological properties of 
the deposit, including yield stress111, storage/loss modulus and thixotropy112.  For example, it 
was observed that incorporation of water droplets in the deposit microstructure lowered the 
deposit yield stress111.  Among the impact of water droplets on the rheological properties of the 
deposit, the change in the deposit yield stress has the most relevant influence on wax deposition 
characteristics as a lowered yield stress makes the deposit prone to slough-off by the shear stress 
imposed by the flow8.  Without the consideration for deposit slough-off, existing wax deposition 
models will over-predict the deposit growth rate and lead to unnecessarily conservative 
scheduling of the costly pigging operation.  The yield stress of the deposit varies with the water 
content of the deposit112–114.  As a result, knowledge of the water content of the deposit is 
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essential for the estimation of deposit yield stress and assessment for the probability of slough-
off of wax deposit.  Unfortunately, the characterization of deposit water content has not received 
due attentions in previous experimental campaigns to study wax deposition from water-in-oil two 
phase flow69,70,104,108.  Figure 6-1 summarizes previous reports of the water volume fraction of 
the deposit generated with water-oil mixtures69,104. 
 
Figure 6-1: Summary of reported characterizations of the water content in the deposit in 
comparison with the water content of the dispersion69,104 
As can be seen from Figure 6-1, no obvious correlation between the water contents of the bulk 
liquid and the deposit has been observed in previous experimental investigations.  Interestingly, 
in some experiments69,104, the deposits contain virtually no water while the water content of the 
bulk can be as high as 40 wt.%.  Because of the existing inconsistencies reported in the water 
contents of deposits formed from water-in-oil dispersions, a fundamental understanding of the 
entrapment of water droplets during the deposition process is still lacking. 
A comprehensive characterization of the water content and the droplet size distribution of the 
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reported deposit water content69,104 are resolved.  In addition, the slough-off of wax deposits due 
to the entrapment of water droplets was demonstrated with a flow loop apparatus. 
6.B Experimental 
6.B.1 Model Oils 
Two waxy model oils, Oils 1 and 2 were prepared and used as the oil phases for the experiments.  
The compositions, wax contents and wax appearance temperatures (WAT) of these two model 
oils were summarized in Table 6-1.  The WAT’s of the model oils were measured by cooling the 
model oils in a rheometer and monitoring the viscosity.  The WAT is defined as the temperature 
below which the viscosity-temperature trajectory deviates from an Arrhenius temperature 
dependence. 
Table 6-1: Summary of the formulations of the two waxy model oils used in this study 
 
The solvent used in both model oils is the Crystal Plus 70 T mineral oil purchased from STE Oil 
Company.  The basic physical properties of this mineral oil are shown in Table 6-277. 
Table 6-2: Basic physical properties of the solvent in the model oils 
 
Figure 6-2 shows the carbon number distributions of the waxes in the two model oils. The carbon 
number distributions were measured by an Agilent Technogolies 6890 N high temperature gas 
chromatograph (HTGC). 
Model Oil Solvent Wax Wax Content (wt.%) WAT (°C)
1
Wax A: 327204 Aldrich,
 melting point 53°C-57°C
3 20
2
 Wax B: 411663 Aldrich,




Density at 20 °C (g/mL) 0.857
Viscosity at 40°C (c.P.) 10.2




Figure 6-2: Carbon number distributions of the waxes used in the preparation of model oils 
The first wax, wax A, with a lighter carbon number distribution between the two waxes was used 
to generate a model oil with a WAT (20 °C) lower than room temperature (25 °C).  With this 
model oil, the water droplets in the deposit can be inspected easily at room temperature without 
the interference from precipitated wax particles as wax molecules remain dissolved at room 
temperature. 
The second wax, wax B, with the heavier carbon number distribution was used to generate a 
model oil with a WAT (38°C) higher than room temperature (25 °C) to induce stabilization of 
water-in-oil dispersion with suspended wax particles.  Such stabilization by suspended wax 
particles is critical to allow for the characterization of droplet size distribution of dispersions 
with low surfactant dosages. 
6.B.2 Preparation of Model Emulsion 
The mineral oil used in this study is free of natural surfactants such as resins and asphaltenes 
contained by crude oils.  Consequently, synthesized surfactants were added to the model oil in 
order to facilitate emulsification.  The surfactant used to generate the emulsion/dispersion is a 
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ehtylhexylsulfosuccinate (AOT).  According to previous experimental studies89, the water-in-oil 
mixtures generated with a surfactant concentration higher than 0.5wt.% (based on the total mass 
of oil and water) present long-term stability against phase separation.  Therefore, these mixtures 
will be called “emulsion” from this point onward.  Preliminary experiments in this investigation 
show that the water-in-oil mixtures with a surfactant concentration in the range between 0.1 
wt.% and 0.5 wt.% undergo rapid phase separation when kept stationary while can be 
homogenized with stirring in the cold finger apparatus or with pumping in the flow loop 
apparatus.  Because of the significantly different bulk stability characteristics compared to the 
stable emulsions, these mixtures with low surfactant dosages will be called “dispersion” from 
this point onward.  In order to prepare emulsion/dispersion for wax deposition experiments in the 
cold finger apparatus/flow loop, the oil phase was prepared by first dissolving various amount of 
the surfactant mixture (0.1wt.% to 1.0wt.% based on the total mass of oil and water) in the model 
oils.  In the cold finger apparatus, emulsification/dispersion of water was achieved by adding 
deionized (DI) water with a volume fraction varying from 10% to 70% to the oil phase at a 
temperature above the WAT while under intensive mixing with a mechanical stirrer.  In the flow 
loop apparatus, the emulsion/dispersion was prepared by addition of DI water to the reservoir 
containing oil followed by circulation of the water-oil mixture in the flow loop apparatus until 
the pressure drop reading across the test section reaches a steady level. 
6.B.3 Cold Finger Wax Deposition Experiments 




Figure 6-3: A schematic drawing of the cold finger apparatus 
In order to prepare for a wax deposition experiment with the cold finger apparatus, the 
temperatures of the reservoir as well as the cold finger were first adjusted to the desired set 
points T1 and T2, (T1 > T2 and T2 < WAT) by setting the temperatures of two thermal baths.  
Once the desired set points were reached, the cold finger was inserted into the water-oil mixture 
in the reservoir containing waxy emulsion/dispersion to start wax deposition. 
6.B.4 Flow Loop Experiments 
Flow loop wax deposition experiments were performed under ambient pressure with the newly 




Figure 6-4: A schematic drawing of the Michigan Flow Loop; labeled sections refer to: 1) 
conditioning system, 2) pumping system, 3) testing system and 4) data acquisition system 
The flow loop apparatus consists of four key parts: the conditioning system, the pumping system, 
the testing system and the data acquisition system.  The flow loop test section is a double pipe 
heat exchanger with an inner diameter of 0.4 inch and a length of 4 feet.  A hot waxy oil/water-
in-oil mixture and a cold coolant streams flow in a counter-current configuration to generate wax 
deposition.  Thermal couples are installed at the inlet and outlet of the test section to monitor the 
temperatures of the waxy oil/water-in-oil mixture and the coolant at these locations.  Pressure 
transducers are installed at the inlet and the outlet of the test section in order to monitor the 
build-up of pressure drop due to deposit formation.  The test section can be detached from the 
flow loop apparatus for sampling of wax deposit at the end of wax deposition experiments.  In 
order to perform wax deposition experiments, wax and surfactants were dissolved in the mineral 
oil in the reservoir.  Water-in-oil dispersion was prepared by addition of water into the reservoir 
followed by circulation of the water-in-oil mixture in the flow loop apparatus at the desired flow 
rate.  It should be noted that only “model oil 2” was used for the flow loop wax deposition 
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experiments as the wax deposition rate achieved with “model oil 1” is unreasonably low due to 
its low wax content and wax appearance temperature. 
6.B.5 Characterization for Water Content and Droplet Size Distribution 
In order to measure the water content of the deposit, the deposit sample was first dissolved in a 
1:1 (based on volume) mixture of toluene and acetone.  The water content was then measured 
with a Mettler Toledo V20 Volumetric Karl-Fischer Titrator. 
Two techniques were used to characterize the droplet size distribution.  An optical microscope 
was used to characterize the droplet size distribution of stable emulsions generated with a 
surfactant dosage higher than 0.5wt.% as well as the deposits generated from stable emulsions.  
In order to carry out this characterization, a liquid film of the sample was prepared by placing a 
drop on a glass slide followed by compressing with a cover slide.  The microstructures of the 
emulsion and deposit were inspected by a Nikon Eclipse E600 microscope.  A 50×objective lens 
and a 10× eyepiece were attached to the microscope.  A Sony ACV-D7 CCD camera was used to 
take photos.  With model oil 1, the wax particles dissolve in the oil phase at room temperature.  
Without the interference from wax particles, the droplet size distribution can be measured based 
on the micrographs using image-processing software, ImageJ.  For dispersions generated with a 
lower surfactant concentration (0.1wt.% to 0.2wt.%), phase separation occurs rapidly in absence 
of wax particles.  Therefore, the droplet size distribution can only be characterized in presence of 
wax particles, which retard phase separation.  As a result, such characterization is only possible 
with the deposits generated with model oil 2 whose WAT is significantly higher than the room 
temperature.  Unfortunately, suspended wax particles then cause the micrographs of the 
dispersion/deposit to become hazy.  As a result, a non-optical method is necessary for the 
characterization of droplet size distribution for the water-in-oil dispersions and the deposit 
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generated from dispersions.  The DOSY-NMR technique78,81,115 is used for this characterization.  
DOSY-NMR measures the 1H signal attenuation with increasing pulse field gradient, which is 
due to the Brownian motion of H2O molecules.  This signal attenuation becomes more profound 
if the Brownian motion of the molecules generates a large mean square displacement.  As a 
result, Brownian motions of water molecules enclosed by a coarse droplet will lead to a smaller 
signal attenuation compared to the Brownian motions of molecules enclosed by a fine droplet as 
the boundaries of droplets limit the mean square displacement of the Brownian motions.  Based 
on this principle, the measured signal attenuation can be used to back-calculate the droplet size 
distribution.  The DOSY-NMR experiments in this investigation were performed on a 400 MHz 
Varian MR400 NMR spectrometer at the University of Michigan NMR facility. 
6.B.6 Characterization of the Yield Stresses of Waxy Gels and Waxy Emulsion Gels 
The yield stresses of the waxy gels/waxy emulsion gels were measured with an AR2000 
controlled stress rheometer.  The yield stress tests were performed with model oil 2 and the 
corresponding stable emulsions (with a surfactant concentration of 1wt.%) with water contents of 
10, 30, 50 and 70 vol.%.  These emulsions were generated with a Scilogex D160 homogenizer.  
Before testing for the yield stress, a gel was first formed in the geometry gap of the rheometer by 
cooling of the waxy model oil/emulsion from ~10 °C above its WAT to ~30°C below its WAT.  
The evolution of the storage and loss moduli were probed with an oscillatory stress of 1 Pa and 
an oscillatory frequency of 0.1 Hz during cooling of the sample.  The gelation temperature was 
defined as the cross-over point between the storage modulus – temperature and the loss modulus 
– temperature trajectories.  The shear stress imposed on the gel was then increased at a ramp rate 
of 20 Pa/min and the viscosity was monitored during this stress ramp test.  The shear stress at 
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which the viscosity decreases drastically is defined as the yield stress of the gel, as shown in 
Figure 6-5. 
 
Figure 6-5: Determination of the yield stress of a waxy gel/waxy emulsion gel based on the viscosity-
stress trajectory 
For the yield stress tests, a serrated bottom plate was mounted on top of the smooth bottom plate 
and a serrated 40 mm plate was used as the top geometry. Use of such serrated surfaces prevents 
slippage between the sample and the bottom plate/top geometry and improves the reproducibility 
of the tests.  As can be seen from Figure 6-5, excellent reproducibility in the yield stress 
measurements can be achieved with the serrated bottom plate and top geometry. 
6.C Cold Finger Experiments 
Cold finger wax deposition experiments were first performed to investigate the entrapment of 
water droplets in the deposit.  Table 6-3 summarizes the experimental runs and the variables 
investigated. 
  















Table 6-3: Cold finger experimental matrix 
 
6.C.1 Water Content and Droplet Size Distribution of Wax Deposits from Stable Water-in-Oil 
Emulsion (with Model Oil 1) in a Cold Finger 
Cold finger wax deposition experiments were first performed with a stable water-in-oil emulsion 
using model oil 1 with varying Water Contents (WC) from 10 (WC = 10) to 70 vol.% (WC = 
70).  For WC = 10 and WC = 30 emulsions, the deposition experiments were performed under 
stirring while the experiments with WC 50 and WC 70 were performed under stationary 
conditions as stirring is not possible owing to the high viscosity of these emulsions with high 
water contents.  Figure 6-6 shows the comparison between the water contents of the water-in-oil 
emulsion in the cold finger and the deposit. 












Group 1: Investigate of the effect of bulk water content  and the time-evolution  of deposit water 
content
Group 2: Investigate the effect of bulk droplet size  on the deposit water content
10,30,50,70 1
1/250
Experiments in this group were performed under ambient pressure, an oil reservoir temperature of 
15 °C and a finger temperature of 5°C
Experiments in this group were performed under ambient pressure, an oil reservoir temperature of 




Figure 6-6: Comparison between the water content in the deposit with that in the emulsioniv 
As can be seen from Figure 6-6, the deposit water content equals that of the bulk for all 
experiments performed with stable water-in-oil emulsions before phase inversion occurs.  In 
order to determine the phase inversion point, the viscosities of the water-in-oil emulsion with 
various water contents were measured.  The phase inversion point was determined as the water 
content where a maximal viscosity is observed. 
Figure 6-6 suggests that the deposit water content can be as high as that of the emulsion, i.e., the 
emulsion water content is the upper bound of the deposit water content.  This upper bound is 
reported here for the first time.  None of the previous experimental investigations was able to 
establish this upper bound69,104. 
All previous experimental investigations reported deposits with a lower water content than that 
of the bulk69,104.  Moreover, no apparent correlation was observed between the deposit and bulk 
water content.  Consequently, in order to support the experimental findings in this study, the 
                                            
iv Different data points at the same bulk water content represent deposit water contents obtained 






































droplets in the deposit were inspected using an optical microscope.  Figure 6-7 shows the 
micrograph of the deposit and the emulsion. 
 
Figure 6-7: Comparison between the microstructures of deposit and emulsion 
As can be seen from Figure 6-7, water droplets remain dispersed in both the emulsion and the 
deposit.  Figure 6-8 shows the comparison between the droplet size distribution of the deposit 
and that of the emulsion extracted from image analysis based on micrographs. 
 
Figure 6-8: Comparison between the droplet size distributions of the deposit and the emulsion 
As can be seen from Figure 6-8, the droplet size distributions in the deposit and in the emulsion 
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The results shown in Figure 6-8 are the first reported comparisons of droplet size distribution in 
the deposit and in the emulsion.  Identical water contents and droplet size distributions of the 
deposit and emulsion suggest that water droplets are entrapped “in-situ” in the void space 
enclosed by the interlocking network of wax particles during deposit formation. 
6.C.2 Time Evolutions of the Water Content and Droplet Size Distribution from Stable Water-in-
Oil Emulsion in a Cold Finger 
Wax deposition is a long-term process that can occur over a time period on the order of weeks.  
During the process of wax deposition, it has been shown that the deposit thickness as well as the 
deposit wax content increase over time21,34,116,117.  However, the time evolution of the water 
content in wax deposit has not been well understood.  Consequently, cold finger wax deposition 
experiments were then performed with various durations in order to understand the time 
evolution of the water content and droplet size distribution.  Figure 6-9 shows an example of the 
increases in the deposit weight and wax content over a 2-hour period, confirming deposit growth 
and aging. 
 
Figure 6-9: Time evolution of the deposit weight and wax content with a water content of 10 vol.%v 
                                            






















































Figure 6-10 (a) shows the evolution of deposit water content over a deposition period of 2 hours.  
The theoretical water content was calculated based on the amount of oil and water added to the 
reservoir at the beginning of the wax deposition.  Figure 6-10 (b) shows the evolution of deposit 
droplet size distribution over the same deposition period. 
 
Figure 6-10: Time evolutions of (a) water content and (b) droplet size distribution of the deposit 
generated from emulsion with a water content of 10 vol.% 
As can be seen from Figure 6-10, the deposit water content as well as the droplet size distribution 
remain constant during the process of deposit growth.  Constant water content during wax 
deposition was also observed from tests performed with higher water contents (30 vol.%, 50 
vol.% and 70 vol.%), shown in Figure 6-11. 
 
Figure 6-11: Time evolution of water contents of the deposits generated from emulsions with water 
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The evolution of the deposit water content and droplet size distribution with time, shown in 
Figure 6-10 and Figure 6-11 respectively, reveal the mechanism of droplets entrapment by the 
deposit.  That is, the deposit water content and the deposit droplet size distribution do not vary 
with time, suggesting the water droplets are entrapped “in-situ” in the deposit solid matrix. 
6.C.3 Effect of Droplet Size on the Entrapment of Water during Wax Deposition (with Model Oil 
2) in a Cold Finger 
In order to explain the different characteristics of the deposit water content observed in this 
investigation (deposit water content equals the bulk water content) with the observations in 
literature (deposit water content does not correlate with the bulk water content), we hypothesize 
that the deposit water content depends on the droplet size of the bulk.  Intuitively, droplets 
smaller than the void space of the deposit solid matrix can be entrapped by deposition.  Wax 
deposition experiments with various droplet size were then performed to test this hypothesis. 
The size of the water droplets in the bulk was varied by varying the surfactant loading within a 
range of 0.1 wt.% to 1.0 wt.%.  It should be noted that with low surfactant dosages (< 0.5wt.%), 
the resulting water-in-oil dispersions undergo rapid phase separation when kept stationary.  
Therefore, model oil 2 with a WAT above the room temperature was used for this investigation 
of the effect of droplet size on the entrapment of water during wax deposition.  Because the 
WAT of model oil 2 is above the room temperature, wax particles precipitate and act as barriers 
against flocculation and coalescence of water droplets, retarding phase separation and allowing 
for droplet size characterization. 
Figure 6-12 shows the variation of the water content of the deposit as a function of surfactant 
loading.  Recall that the water-in-oil mixtures prepared with surfactant concentrations at 0.5 
wt.% and 1 wt.% are termed as “water-in-oil emulsions” as they present long-term stability 
 
134 
against phase separation.  The water-in-oil mixtures prepared with surfactant concentrations 
below 0.5 wt.% are termed as “water-in-oil dispersions” as they undergo rapid phase separation 
when kept stationary. 
  
Figure 6-12: Effect of surfactant concentration on the water content of the deposit generated from 
an emulsion or dispersion with water content of 50 vol.% (54 wt.%) 
As can be seen from Figure 6-12, regardless of the surfactant concentration, the water content of 
the bulk always equals the water content calculated based on the amount of water and oil added 
to the cold finger.  Based on this observation, it can be conclude that although surfactant 
concentrations below or equal to 0.2 wt.% are not sufficient to generate stable emulsions, mixing 
provided by the stir plate can maintain homogeneous dispersions during wax deposition 
experiments.  It can also be observed from Figure 6-12 that the water content of the deposit 
increases with increasing surfactant concentration.  When the surfactant concentration increases 
to as high as 0.5 wt.%, the deposit water content equals that of the emulsion as measured by 
Karl-Fisher titration.  The droplet size of the dispersion decreases with increasing surfactant 
concentration as the surfactant lowers the interfacial tension between oil and water, making it 
easier for fine droplets to form.  Therefore, it may be deduced that the water content of the 
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incorporated in the deposit than coarse droplets.  If this hypothesis holds, the droplet size 
distribution of the deposit should be smaller than that of the dispersion.  In order to test this 
expectation, we proceeded to measure the droplet size distributions of the deposit and the 
emulsion/dispersion.  The droplet size distribution has to be measured with the DOSY-NMR 
technique as the conventional microscopy experiments are not applicable owing to the following 
reason.  Measuring droplet size distribution with conventional microscopic experiments requires 
melting of suspended wax particles.  Unfortunately, with the low surfactant dosages (0.1 wt.% - 
0.2 wt.%) in the oil phase, phase separation occurs rapidly upon melting of wax particles. 
DOSY-NMR does not require the wax particles to be melted for droplet size distribution 
characterizations.  Solid wax particles can then act as barriers to flocculation/coalesce of water 
droplets and retards phase separation, shown in Figure 6-13. 
 
Figure 6-13: Bulk appearance of water-in-oil dispersion prepared with a low surfactant dosage at 
0.1 wt.% after kept stationary for 30 minutes: (a) bulk stability of water-in-oil dispersion in 
presence of suspended wax particles and (b) rapid phase separation of oil and water in absence of 
wax particles 
DOSY-NMR measures the droplet size based on 1H signal attenuation under pulse field gradient 
due to the Brownian motion of water molecules in the droplet.  Brownian motions of the water 
molecules enclosed by fine droplets are expected to generate a smaller signal attenuation than 
that generated by water molecules enclosed by coarse droplets.  In order to demonstrate the 
effect of droplet diameter on the 1H signal attenuation, DOSY-NMR measurements were taken 
Oil
Water




for a stable emulsion prepared with a surfactant concentration of 0.5wt.%, a dispersion with a 
surfactant concentration of 0.2wt.% and DI water.  Figure 6-14 shows the comparison between 
the acquired 1H2O proton NMR signal attenuations from these three samples. 
 
Figure 6-14: An illustration of the effect of droplet diameter on the 1H signal attenuation of the H2O 
molecules enclosed by droplets 
As can be seen from Figure 6-14, the minimal signal attenuation was observed with the emulsion 
sample prepared with a surfactant concentration of 0.5 wt.%, indicating a finer droplet diameter 
than the dispersion prepared with a surfactant concentration of 0.2 wt.%.  The DI water sample 
generates the largest signal attenuation as the Brownian motions of the water molecules are not 
restricted by any boundary at all.  The measured NMR signal attenuation can then be used to 
back-calculate the droplet size distribution. 
Figure 6-15 shows the measured signal attenuation of the water molecules in the 
emulsion/dispersion and deposit formed with four different surfactant concentration: 0.5wt.%, 
0.2wt.%, 0.15wt.% and 0.1 wt.%. 






































Figure 6-15: Comparisons between the 1H signal attenuations of H2O molecules in the 
emulsion/dispersion and deposits under pulse field gradients 
As can be seen from Figure 6-15 (a), the 1H signal attenuations of the water molecules in the 
emulsion and in the deposit generated with a surfactant concentration of 0.5wt.% are virtually the 
same, indicating identical droplet size in the emulsion and the deposit.  The signals obtained 
from the deposit samples always decrease at a slower rate with increasing pulse field gradient 
when the surfactant concentration is less than or equal to 0.2 wt.%, as seen in Figure 6-15 (b)-
(d), qualitatively suggesting that the deposit droplet size is smaller than the bulk droplet size.  
Figure 6-16 shows the quantitative droplet size distribution of the emulsion/dispersion and 
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Figure 6-16: Comparison between the droplet size distributions of the emulsions/dispersions and 
the deposits generated from the corresponding emulsions/dispersions 
As can be seen from Figure 6-16, the droplet size distribution of the deposit is smaller and 
narrower than or equal to that of the dispersion in all experimental runs, supporting our initial 
hypothesis that fine droplets are more easily incorporated in the deposit than coarse droplets.  
Moreover, the size of the droplets that can be incorporated in the deposit is usually smaller than 
~100 microns. 
Recall that no obvious correlation between the water content of the bulk and that of the deposit 
was observed in previous studies while we have observed same water contents of the bulk and 
deposit.  This inconsistency can now be explained: at low surfactant dosages, coarse droplets are 
generated but cannot be trapped by deposit formation, leading to a lower water content of the 
deposit than that of the oil.  It should be noted that the droplet size of a dispersion formed with a 
particular crude oil depends on the intrinsic emulsifying power of the natural surfactants 
contained by this crude oil. 
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6.D Role of Water Droplets on the Shearing and Sloughing of Waxy-
Emulsion Gels 
Entrapment of water droplets in the deposit significantly lowers its yield stress, as is denoted by 
the blue circles in Figure 6-17.  It was first suspected that the lowered yield stress of the waxy 
emulsion gel is due to the addition of surfactants.  However, follow-up experiments indicated 
that the addition of surfactant to a concentration of up to 1 wt.% has negligible impact on the 
yield stress of the gel, as is denoted by the red triangle in Figure 6-17. 
 
Figure 6-17: Effect of water content of the waxy emulsion gel on the yield stress of the gel 
As can be seen from Figure 6-17, the yield stress of the waxy emulsion gel decreases with 
increasing water content of the gel.  The waxy emulsion gel at a water content of 70 vol.% has a 
yield stress (30 Pa) that is less than 10% that of the waxy gel free of water (510 Pa).  These two 






Figure 6-18:  Appearances of the water free waxy gel and waxy emulsion gel after gel breakage 
As can be seem from Figure 6-18 (a), the water free waxy gel appears to be mostly solid-like 
with debris broken from the edge of the gel.  On the contrary, the emulsion gel with a water 
content of 70 vol.% becomes slurry-like after gel breakage, as is seen in Figure 6-18 (b). 
A lowered yield stress can cause the deposit to become prone to be “sloughed off” by the shear 
stress imposed by the fluid flow, leading to a significantly lower wax deposit build-up predicted 
by conventional wax deposition models.  The “sloughing-off” of wax deposit containing water 
droplets in the deposit was also investigated with a flow loop apparatus in the section 6.E below. 
6.E Flow Loop Wax Deposition Experiments 
Wax deposition experiments were performed with water-in-oil dispersion (prepared at a 
surfactant concentration of 0.1wt.%).  Figure 6-19 shows the pressure-time trajectory for wax 
deposition experiments carried out with water content of the bulk at 10 vol.%.  In the 
experimental runs performed with and without water in the bulk, the Reynolds number 
associated with the pipe flow is approximately 300.  In other words, wax deposition experiments 
were performed in laminar flow regime. 
Water Free Waxy Gel
Waxy Emulsion Gel 









Figure 6-19: Pressure-time trajectories for wax deposition experiments with various water contents 
of the bulk at the following operating conditions: Toil = WAT+5°C, temperature of the coolant 
stream, Tcoolant = WAT-30°C and oil flow rate Qoil = 0.2 m3/hr 
As can be seen from the experiments with water-in-oil dispersion, the pressure drop increases 
due to deposit build-up and then decreases abruptly multiple times during the experiment.  These 
abrupt drops in the pressure transducer reading serve as the first evidence of deposit slough-off.  
In order to confirm this slough-off phenomenon, we also meticulously inspected the times at 
which these rapid drops in pressure transducer occurred and looked for other evidence that 
suggest “slough-off”.  It was discovered that the thermal couple readings at the test section outlet 























deposition runs without water
deposition runs with 10 vol.% 




Figure 6-20: Correlation between the abrupt decreases in the pressure transduser and outlet thermal couple readings supports the 
hypothesis that deposit sloughed off under imposed shear 
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This correlation between the drop in pressure and temperature readings indicates that a small 
piece of deposit was first sloughed off from the cold pipe wall/deposit-fluid interface, leading to 
less restriction of the pipe flow and a corresponding decrease in the pressure drop.  This debris 
then traveled with the fluid flow and eventually reached the outlet thermal couple.  The contact 
of the wax deposit debris with the thermal couple causes a decrease in the thermal couple reading 
because this debris is removed from the cold wall and is at a lower temperature than the bulk.  It 
should be noted that no such correlated drops in the pressure transducer and thermal couple 




Figure 6-21: Pressure drop and thermal couple readings during a single-phase wax deposition experiments with the following operating 
conditions: Toil = WAT+5°C, temperature of the coolant stream, Tcoolant = WAT-30°C and oil flow rate Qoil = 0.2 m3/hr 
No decrease in temperature 
No decrease in pressure
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The simultaneous drops in the pressure and the outlet temperature confirm slough-off.  It should 
be noted that characterization of the deposit shows a water content of as low as 5 wt.%, 
suggesting a small amount of water can drastically lower the yield stress of the deposit and make 
it prone to slough-off. 
6.F Conclusions 
In this investigation, we presented the most comprehensive characterization of the entrapment of 
water droplets in the wax deposit during wax deposition from water-in-oil emulsion/dispersion.  
This characterization resolves inconsistencies in the deposit water content measurements in 
literature.  The key findings in this investigation are: 
 The upper limit of the deposit water content equals the water content of the bulk. 
 When the water droplets of the dispersion are coarse, the deposit will contain virtually 
no water even with a bulk water content of as high as 50 vol.%. 
 Comparison between the bulk and deposit droplet size distributions suggests that only 
the droplets smaller than 100 microns in diameter can be incorporated in the deposit. 
In addition, based on the rheological characterizations as well as flow loop experiments, the 
following roles of the dispersed water phase on wax deposit build up are reported. 
 Incorporation of the water droplets in the deposit leads to a significant decrease in the 
deposit yield stress. 
 This decrease in the deposit yield stress causes deposit to become prone to be 
sloughed off during deposit build up, leading to a lower overall deposition rate. 




Figure 6-22: Highlights of the key points addressed in this investigation: 1) incorporation of the 
water droplets in the deposit, 2) lowered yield stress of deposit due to incorporation of water 
droplets and 3) slough-off of deposit due to the lowered yield stress 
We may expect that with a crude oil rich in natural surfactants, the wax deposit formed from 
water-in-crude oil dispersion/emulsion can contain a large number of fine droplets and become 
prone to slough-off. 
Without the consideration for deposit slough-off, existing wax deposition models can 
significantly over-predict the deposit growth rate, resulting in conservative design.  This over-
prediction is likely to occur when the crude oil of interest contains a large amount of natural 
surfactants.  The deposits formed with such crude oils are then expected to entrap a large amount 
of water droplets, leading to frequent sloughing.  It should be noted that the slough-off of wax 
deposit is random.  Modeling of such stochastic process is beyond the scope of the current 
investigation.  Such modeling campaign likely requires advanced techniques in probability 
theory. 
Key point 1: How much 
water in the deposit?
Key point 2: How does the 
deposit yield stress 
change with the water 
content? 
Oil
Key point 3: How does 
incorporation of water 
droplets affect the slough-





Wax Deposition Modeling with Considerations of non-Newtonian 
Characteristics: Application on Field Scale Pipeline 
7.A Introduction 
7.A.1 Wax Deposition in Subsea Pipelines 
During subsea oil transportation, the crude oil is cooled by the sea water.  Dissolved wax 
molecules contained by the crude oil will precipitate when the temperature of the fluid is below 
the wax appearance temperature (WAT).  Precipitation of wax is expected to be the most 
profound at the pipe wall where the lowest temperature is encountered among all radial 
locations, generating a radial concentration gradient of the dissolved wax and a net flux of 
dissolved wax towards the wall.  Radial diffusion of wax molecules causes wax to deposit on the 
inner pipe wall, reducing the effective pipe diameter and posing severe risks to oil production.  
To remove the wax deposit, pigging operations need to be performed.  It should be noted that 
frequent pigging will generate significant operational costs while insufficient pigging will lead to 
thick and hard deposit that is impossible to remove8.  Therefore, determination of a proper 
pigging frequency is crucial to the subsea oil production.  Determination of a proper pigging 
frequency relies on wax deposition and aging rates predicted by wax deposition models.  
Continuing efforts have been dedicated to improving wax deposition modeling capabilities, 
especially upscaling from laboratory-scale predictions to field applications.
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7.A.2 Non-Newtonian Characteristics of Waxy Crude Oil 
A dynamic yield stress and shear thinning characteristics can be observed for waxy crude oil 
when the temperature is below the WAT.  Such unique non-Newtonian characteristics originate 
from the precipitation of wax at temperatures below the WAT and the resulting wax-in-oil 
suspension.  The complex rheology of waxy crude oil below the WAT has been extensively 
studied54,118–121.  These investigations show that various constitutive equations, including the 
Cross model122, the Casson model123 and the Herschel-Bulkley model123, can usually be used to 
fit the non-Newtonian flow curves of waxy crude oils.  Furthermore, it has been found that the 
non-Newtonian rheology of waxy crude oil has a significant impact in the modeling of pipeline 
restart124,125.  Unfortunately, the role of non-Newtonian fluid characteristics of waxy crude oil in 
wax deposition modeling is not well-understood.  The next subsection discusses the steps 
involved in wax deposition modeling and the potential roles of non-Newtonian fluid 
characteristics in these steps. 
7.A.3 Wax Deposition Modeling Considering non-Newtonian Fluid Mechanics 
A wax deposition model consists of three steps: 1) hydrodynamic calculations, 2) heat and mass 
transfer calculations which then allow for 3) the calculation of deposit thickness.  The 
hydrodynamic calculation predicts the pressure drop along the pipeline.  Pressure drop 
predictions can be used to compare with the measured pressure drop in experiments/field 
operations to benchmark the wax deposition model.  In addition, hydrodynamic calculations 
predict the radial velocity profile and the eddy momentum diffusivity to be used in the 
subsequent heat and mass transfer calculations.  Heat and mass transfer calculations simulate the 
heat loss from oil to the surroundings and the radial molecular diffusion of wax, followed by 
calculations of deposit growth and aging.  These steps in the wax deposition modeling algorithm 
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need to be enhanced to capture the non-Newtonian characteristics of waxy crude oil.  Benallal et 
al. and Zheng et al. first attempted to model wax deposition with non-Newtonian fluid mechanics 
in laminar flow regime126,127.  In this investigation, we analyzed non-Newtonian turbulent 
characteristics to enable turbulent applications such as industrial scale pipe flow. 
The following section, i.e., Section 7.B, discusses two existing numerical techniques, including 
Large Eddy Simulation (LES) and Reynolds-Averaged Navier Stokes (RANS) simulation, for 
 Hydrodynamic modeling to calculate the shear stress at wall/deposit-fluid interface as 
well as the radial velocity profile and eddy diffusivities. 
 Heat and mass transfer modeling 
Predictions from the theoretically advanced LES are used as benchmarks to assess the more 
commonly used RANS.  It was found that RANS cannot be used to model non-Newtonian 
turbulent flow. 
In Section 7.C, we will develop a method to model hydrodynamics, heat and mass transfer by 
adapting the law of the wall method.  The predictions from the modified law of the wall agree 
well with those from LES.  Section 7.D discusses the modeling of wax deposit formation based 
on first principles of the rheology of waxy oil. Finally, the wax deposition model developed by 
combining findings from Sections 7.B - 7.D will be applied to simulate deposit build-up in a 
real-world field pipeline, discussed in Section 7.E. 
7.B Hydrodynamic Modeling with Non-Newtonian Characteristics 
The hydrodynamic calculations will predict the pressure drop, the radial velocity profile as well 
as the eddy momentum diffusivity.  The pipeline pressure drop, or equivalently, the shear stress 
at the pipe wall/deposit-fluid interface is a critical parameter for pipeline design.  Moreover, as 
will be discussed in Section 7.D, the prediction of the deposit growth rate is achieved by 
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comparing the shear stress imposed by the fluid and the dynamic yield stress of the deposit.  In 
the laminar flow regime, the wall shear stress of both Newtonian and non-Newtonian fluids can 
be analytically derived as a function of the pipe diameter, the flow rate and the rheological 
parameters of the fluid of interest.  However, transportation of crude oil in subsea pipelines 
usually occurs in turbulent flow regime.  Therefore, it is imperative to establish reliable methods 
to calculate the wall shear stress for industrial scale field pipeline transporting waxy crude oils.  
At temperatures above the wax appearance temperature, a waxy crude oil behaves as a 
Newtonian fluid and the calculation of wall shear stress for Newtonian turbulent pipe flow can 
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Unfortunately, methods to calculate the wall shear stress of turbulent non-Newtonian pipe flows 
are not well established129.  The most common approach is to calculate the shear stress at the 
wall based on friction factors correlations.  However, friction factor correlations are available 
only for non-Newtonian fluids whose flow curves follow simple rheological models such as the 
power law model130 and the Herschel-Bulkley model131.  The complexity of the rheological 
behavior of a waxy crude oil can be beyond these classical rheological models118,132.  Friction 
factor correlations for non-Newtonian fluids with complex rheological behaviors do not exist at 
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this time.  In addition, different friction factor correlations can give drastically different 
predictions for the wall shear stress, even for the same non-Newtonian fluid.  Under extreme 
conditions, the prediction of the wall shear stress obtained from one correlation can be twice as 
high as the prediction from another correlation129.  Therefore, it is imperative to develop reliable 
methods to model the hydrodynamics of non-Newtonian turbulent pipe flow. 
The turbulent characteristics of non-Newtonian pipe flow can be modeled from first principles 
with Direct Numerical Simulation (DNS).  This simulation can be achieved by numerically 
solving the Navier-Stokes equations, shown in Equation (7-3). 
 






































The viscosity of the fluid can be described by a non-Newtonian constitutive equation, such as the 
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It should be noted that in order to resolve the motions of turbulent eddies, the size of the 
computational grid needs to be smaller than the size of the turbulent eddies.  For an industrial 
pipeline, the Reynolds number can be on the order of 106.  The size of the smallest eddies 
associated with this Reynolds number will be on the order of 10-3 m.  Consequently, resolution of 
all the turbulent eddies in a 10-km industrial scale pipeline with an inner diameter of 12 in. will 
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require a computational mesh with as many as 1012 computational cells.  Simulation with such 
computational intensity is not feasible.  As a result, DNS is usually prohibitive in engineering 
applications, e.g., wax deposition modeling in subsea pipelines, due to the computational 
intensity.  In comparison with DNS, large eddy simulation (LES) is more promising to be 
adapted to model the turbulence characteristics in industrial scale pipelines owing to its relatively 
more tolerable computational intensity.  In LES, only the turbulent eddy motions larger than the 
computational cell size are resolved, thereby significantly reducing the computational intensity 
and cost of LES.  With the existing computational power, LES is the best available approach to 
investigate the turbulence characteristics for non-Newtonian pipe flow at field scale.  However, 
the computational intensity associated with LES still does not allow it to be applied on the entire 
pipeline with a length scale of kilometers.  Therefore, we will first perform LES for sections of a 
field scale pipeline (NOT the entire pipeline) in order to gain insights on the turbulent 
characteristics of non-Newtonian pipe flow.  We will then use LES to evaluate the turbulent 
characteristics predicted by more computationally efficient approaches for hydrodynamic 
modeling including Reynolds Average Navier Stokes (RANS) method and methods based on the 
law of the wall to see if they can be used. 
7.B.1 Large Eddy Simulation (LES) 
In this section, we will perform large eddy simulation (LES) to uncover the turbulent 
characteristics of the non-Newtonian oil flow in an industrial scale pipeline.  The findings from 
LES will be compared with the predictions from the more commonly used Reynolds Average 
Navier Stokes (RANS) method to assess if the RANS method can be used to account for the non-
Newtonian fluid mechanics in wax deposition modeling. 
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7.B.1.a  LES Governing Equations 
LES does not resolve all the turbulent eddies in the flow field but just the large ones.  In order to 
do so, the pressure and velocity first undergo a filtering operation defined according to Equation 
(7-5). 
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The filter operation calculates the volume average of the variable of interest over the 
computational cell. The mass and momentum balances were then constructed with the filtered 
variables as the independent variables.  The filtered mass balance is shown in Equations (7-6).  It 
should be noted that the equation was expressed in the Einstein tensor notation for brevity. 
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7.B.1.b  Input Parameters for LES  
Subsea pipelines are usually with the length scale of tens of kilometers.  Along the length of a 
subsea pipeline, the temperature of the fluid can change by as much as 50°C, leading to a drastic 
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change in the volume fraction of solid wax of the fluid along the axial direction.  Consequently, 
the rheological parameters of the fluid can vary significantly along the pipe from upstream to 
downstream locations.  In order to demonstrate this unique development of the hydrodynamics 
along the subsea pipeline associated with the change in the local rheological parameters, LES 
were performed at five difference axial locations.  To generate rheological parameters for these 
five simulations, a preliminary simulation was first conducted with the pipeline dimensions and 
operating conditions shown in Table 7-1. 
Table 7-1: Summary of input parameters for LES hydrodynamic simulation in a field pipeline 
section 
 
The Newtonian fluid mechanics approach is used in this preliminary simulation in order to 
estimate the solid volume fraction in the bulk and the rheological parameters associated with the 
local solid wax volume fraction.  In the complete wax deposition model presented later in the 
manuscript, the heat/mass transfer simulations are integrated with non-Newtonian hydrodynamic 
simulations. 
LES were performed with rheological parameters taken at five different axial positions with 
different bulk temperatures shown in Figure 7-1. 
Diameter, D (m) 0.3048
Length, L (m) 1.524 (L = 5D)
Velocity (m/s) 0.75
Total flow rate, Q (m3/hr) 196.9
Viscosity at Inlet (c.P.) 1.76
Reynolds number 






Figure 7-1: Axial bulk temperature profile evolution and locations at which the rheological 
parameters are used for LES hydrodynamic simulations 
We begin the analysis by using the Herschel-Bulkley model for the LES.  The rheological 
parameters in the Herschel-Bulkley equation, namely the dynamic yield stress, τy, the 
consistency, K, and the flow index, n were obtained based on the measured viscosity – 
temperature curves at various shear rates, shown in Figure 7-2. 
 
Figure 7-2: Typical crude oil viscosity – temperature curves measured at various shear rates59 


























































The Herschel-Bulkley model parameters at a particular temperature were obtained by fitting the 
viscosity measurements at this temperature under various shear rates using the Herschel-Bulkley 
equation.  The fitted parameters at the aforementioned 5 axial locations are shown in Table 7-2. 
Table 7-2: Summary of Herschel-Bulkley model parameters used for hydrodynamic simulations at 
different axial pipeline locations 
 
7.B.1.c  Computational Specifications 
The LES was implemented with a commercial computational fluid dynamic software, FLUENT 
16.  The computational mesh represents a 1.5-meter-long section of pipeline with an inner 
diameter of 0.305 m.  In order to reduce the required length of the computational domain to 
achieve fully-developed turbulent flow, a pair of periodic boundary conditions was used at the 
inlet and outlet of the computational domain.  The entire computational mesh contains 7,000,000 
computational cells.  Fine computational mesh grids were used in the vicinity of the pipe wall. 
A transient LES with a time step of 4 milliseconds was performed to model the evolution of the 
fluctuating velocity field.  With this time step, it will take 2.5 hours to simulate 1 residence time 
(~ 2s) using 48 CPU’s in parallel.  It usually takes a simulation with 5 residence times to reach a 
statistical steady state after which 5 additional residence times were simulated to collect 
statistics.  Therefore, each simulation to obtain time-averaged velocity profile and pressure drop 
in a 1.5-m pipe section will require 25 hours.  This computational time required to model a 1.5-m 
pipe section prohibits the direct scale-up of LES to industrial scale wax deposition modeling 
Location Temperature (°C) τ y (Pa) K (Pa×s
n
) n
1 75 0 (Newtonian) 0.002 1.00
2 50 0.09 0.004 0.94
3 45 0.15 0.007 0.91
4 35 0.81 0.035 0.81
5 30 2.22 0.094 0.76
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where the pipeline is usually several kilometers in length.  Detailed procedures to perform LES is 
included in Appendix O. 
It should be noted that the viscosity defined by the Herschel-Bulkley model approaches infinity 
as the shear rate approaches zero. As a result, this mathematical singularity can cause divergence 
in the CFD solver.  In order to overcome this numerical challenge, the Herschel-Bulkley-





This model preserves the non-Newtonian characteristics by the conventional Herschel-Bulkley 
model but continuously approaches an upper bound mτy instead of infinity as the shear rate 
approaches zero.  In this simulation, the constant m is set to be 104s133. 
7.B.2 Numerical Results from LES at Axial Locations 1 – 3: Turbulent Flow 
It should be noted that the crude oil is Newtonian at the inlet, i.e., location 1, as the inlet 
temperature is higher than the wax appearance temperature.  Flow characteristics, such as 
velocity profile and pressure drop for Newtonian pipe flow have been extensively investigated 
and are readily available128.  Using the parameters at location 1 listed in Table 7-2, we compared 
the pressure drop as well as the velocity profile predicted by LES and RANS and confirmed that 
the LES was correctly implemented.  These comparisons were included in Appendix P in the 
supporting information. 
At locations 2 and 3, the flow is expected to be non-Newtonian as the temperature is below the 
WAT at these two locations and thus, wax particles will form, causing the fluid to become non-
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Newtonian.  The LES results from locations 2 and 3 are qualitatively identical.  We will now 
analyze the velocity profile predicted with rheological properties at location 3 as an example. 
Figure 7-3 shows an instantaneous velocity profile plotted at a cut-plane along the axial 
direction. 
 
Figure 7-3: A snapshot of the instantaneous velocity magnitude generated from turbulent non-
Newtonian pipe flow simulation performed with rheological parameters at location 3 
As can be seen from Figure 7-3, the velocity field fluctuates spatially, indicating that a non-
Newtonian turbulent flow regime is encountered at this location.  As one approaches the 
centerline, the shear stress decreases and can potentially be lower than the local dynamic yield 
stress of the fluid134.  It was previously speculated that a plug could form around the centerline.  
Based on Figure 7-3, it can be seen that the instantaneous shear rate fluctuation constantly breaks 
up the fluid microstructure near the centerline and therefore preventing this central plug from 
forming. 
In comparison with LES, RANS is more computationally economical and commonly used for 
turbulent modeling135,136.  Therefore, it is of interest to evaluate whether RANS can be used to 
calculate the velocity and turbulent diffusivity profiles of non-Newtonian turbulent pipe flow.  
Different from LES, RANS simulation solves the time-averaged Navier Stokes equation, shown 
in Equation (7-9). 
Showing results for location 3 
as an example
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It should be noted that the time-averaged strain rate is used to calculate the strain rate-dependent 
viscosity in the RANS governing equations because RANS only tracks time-averaged quantities.  
Therefore, the calculation for viscosity is different in LES and RANS simulation.  Figure 7-4 
shows the comparison between the viscosity calculated with LES and RANS simulation. 
 
Figure 7-4: Comparison between the instantaneous viscosities predicted by LES and the time-
averaged viscosity predicted by RANS 
As can be seen from Figure 7-4, the RANS simulation predicts a plug with an extremely high 
viscosity in the central region of the pipe.  It should be noted that the prediction of a plug is a 
numerical artifact because the RANS approach cannot resolve the instantaneous fluctuating 
strain rate in the central region.  Consequently, RANS can significantly underestimate the 
intensity of turbulent mixing during heat and mass transfer simulation, leading to un-reliable 
predictions for the temperature and concentration profiles.  In order to demonstrate this 










































shortcoming of RANS, RANS is used to solve the heat/mass transfer governing equation shown 
in Equation (7-10) and the predicted radial temperature/concentration profile was compared with 
the prediction from LES.  Detailed implementations of RANS and LES to numerically solve 
Equation (7-10) are included in Appendix Q. 
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Figure 7-5, shows the predicted radial temperature/concentration profile by RANS and LES. 
 
Figure 7-5: Predicted radial profile of temperature/concentration with RANS and LES 
As can be seen from Figure 7-5, the prediction by RANS differs significantly from that by LES.  
It can be observed that RANS predicts a large gradient near the central region of the pipe flow 
due to the under-estimation of the effective diffusivity in this region. 
A dimensionless number, Δ, characterizing the relative rate of convective and diffusive transfer, 
defined in Equation (7-11), was also calculated based on the temperature/concentration profiles 
predicted by RANS and LES, respectively.  Note that Δ is identical to the Nusselt number in the 




















Nu, Nusselt number for heat transfer, 
Sh, Sherwood number for mass transfer
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The calculated values of Δ are summarized in Table 7-3. 
Table 7-3: Summary of the Δ values associated with the internal heat/mass transfer predicted by 
LES and RANS 
 
As can be seen from Table 7-3, for the non-Newtonian case with the RANS method, the 
predicted Δ value is significantly lower, indicating under-estimation of the heat/mass transfer in 
the central region due to the artificial plug.  As a result, RANS cannot be used for heat/mass 
transfer modeling. 
7.B.3 Numerical Results from LES Simulation at Axial Locations 4 and 5: Transition from 
Turbulent to Laminar Flow 
Figure 7-6 shows the instantaneous steady state radial velocity profile obtained with rheological 






Figure 7-6: Comparison between the analytical and numerical velocity profiles of Herschel-Bulkley 
fluid with a laminar velocity profile expected for Newtonian pipe flow 
It can be observed from Figure 7-6 that the velocity profile at axial location 5 is non-fluctuating, 
indicating that the flow field has become laminar at this downstream location.  The significant 
amount of solid wax in the bulk at this location leads to a high viscosity in the bulk, dampening 
the turbulent eddies and causing transition from turbulent to laminar flow.  In order to support 
this claim, the dampening of the turbulent kinetic energy of a fluid packet traveling along the 
centerline is included in Appendix R.  Moreover, the non-fluctuating velocity profile predicted 
by LES corresponds well with the analytical solutions for the radial velocity profile of laminar 
Herschel-Bulkley fluid pipe flow.  It should be noted that a plug is predicted in the center region 
of the pipe.  Different from the artificial “plug” predicted due to numerical artifacts associated 
with RANS, this plug in laminar flow can be observed in laminar pipe flow experiments137. 
It should be noted that being able to capture the transition from turbulent to laminar flow along 
the axial direction is critical in the modeling of heat and mass transfer as turbulent flow has 
significant lower heat/mass transfer resistance than laminar flow. 










































In order to understand the impact of flow regime prediction on heat and mass transfer modeling, 
two heat transfer simulations were performed with 1) Newtonian viscosity model and 2) non-
Newtonian viscosity model.  Table 7-4 shows the parameters used in these two simulations. 
Table 7-4: Input parameters for heat transfer simulation with Newtonian and non-Newtonian 
approach 
 
The conventional wax deposition model predicts a turbulent flow regime with the Newtonian 
viscosity-temperature dependence calculated using a form of the Arrhenius equation.  However, 
the actual viscosity of the wax-in-oil suspension is significantly higher than the value calculated 
by the Arrhenius temperature dependence, as the Arrhenius temperature dependence does not 
account for the effect of suspended solid on viscosity.  Due to the underestimation of the 
viscosity with the Arrhenius equation, conventional wax deposition models fail to predict the 
correct (i.e., laminar) flow regime.  The internal heat transfer coefficient associated with the 
turbulent flow predicted from Case 1 using Newtonian fluid mechanics is 460 W/m2/K while that 
from a laminar flow in Case 2 is 60 W/m2/K.  We note that an approximately 700 % over-
estimation in the internal heat transfer coefficient is observed by neglecting the transition from 
turbulent to laminar using non-Newtonian fluid mechanics discussed above.  This over-
estimation can translate into an over-estimation in the rate of heat transfer.  As a result, it is 
essential to incorporate the modeling of non-Newtonian fluid mechanics in wax deposition 
modeling. 
Case 1 Case 2
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7.C A Computationally Efficient Method for Hydrodynamic Modeling to be 
Used in Wax Deposition Modeling 
As was discussed in the previous section, neither LES nor RANS can be applied to model wax 
deposition in a pipeline.  LES is unacceptably time consuming and RANS can generate 
numerical artifacts. Therefore, it is imperative to develop a reliable and computationally efficient 
method to predict the wall shear stress, velocity, temperature and concentration profiles to be 
used to predict wax deposition.  This desired method should be able to capture the flow 
characteristics uncovered by LES simulations, recapitulated below: 
 A flow pattern that can transit from turbulent to laminar flow due to the increase in 
viscosity. 
 A plug in the near center line region that can be expected in the laminar flow regime 
while this plug is likely to be broken up by turbulent eddies in the turbulent flow regime. 
 In the turbulent flow regime, a laminar boundary layer that can be observed in the 
vicinity of the wall while the local velocity fluctuates with time outside this boundary 
layer. 
We now propose a reliable and computationally efficient method to perform hydrodynamic, heat 
and mass transfer modeling of non-Newtonian pipe flow.  This method consists of three steps:  
 Prediction of flow regime 
 Calculation of velocity profile 
 Calculation of turbulent diffusivity for heat and mass transfer modeling 
These three steps which will be discussed individually in the three subsections to follow. 
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7.C.1 Prediction of Flow Regime 
Chilton and Stainsby developed a friction factor correlation that can predict the wall shear stress 
of Herschel-Bulk pipe flows based on the fluid rheological parameters, the pipeline diameter and 
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This friction factor correlation is first utilized to predict the flow regime.  The transition point is 
defined as the intersection of the wall shear stress – mean velocity relationship generated by 
assuming laminar and turbulent flows respectively.  The rheological parameters taken at location 





Figure 7-7: Prediction of wall shear stress based on the laminar and turbulent Chilton-Stainsby 
friction factor correlations and the definition of the onset for turbulent-laminar transition 
A sensitivity analysis was also performed to understand the effect of rheological parameters, τy, 
n and K on the prediction of laminar turbulent transition.  It was found that the transition occurs 
at a higher mean velocity with larger values of τy, K and with smaller values of n.  Details with 
respect to this sensitivity analysis is included in Appendix S. 
Table 7-5 shows the flow pattern predictions (Laminar or Turbulent) based on the Chilton-
Stainsby friction factor correlation as well as predictions by LES. 
Table 7-5: Predictions of flow regime with LES and Chilton-Stainsby (C-S) friction factor 
correlation 
 
7.C.2 Calculation of Velocity Profile 
For the laminar flow regimes, an analytical solution for the velocity profile and pressure drop can 
be obtained.  Therefore, we will now focus on developing a computationally efficient approach 
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for the hydrodynamic modeling of turbulent flow.  In this subsection, we will explore 
modifications of the conventional law of the wall that are necessary in order for it to be 
applicable to non-Newtonian pipe flow.  The conventional law of the wall can be expressed with 
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The conventional law of the wall is derived based on the idea that: 
 A thin laminar sublayer exists in the immediate vicinity of the wall within which velocity 
changes drastically.  In the laminar layer, the shear stress is mainly contributed by 
viscous stresses. 
 Outside this laminar layer velocity fluctuation is significant and the shear stress is mainly 
contributed by Reynolds stress. 
In order to check these two assumptions for non-Newtonian turbulent flow, a representative 
instantaneous radial velocity profile is generated from LES performed with non-Newtonian 




Figure 7-8: A representative instantaneous radial velocity profiles for a turbulent non-Newtonian 
pipe flow 
As can be seen from Figure 7-8, these two qualitative turbulence characteristics are preserved in 
the non-Newtonian turbulent pipe flow with the laminar-like boundary sublayer in the vicinity of 
the pipe wall and a turbulent core in the central region of the flow. 
Consequently, we can analogously derive a modified law of the wall for non-Newtonian 
turbulent flow.  It should be noted that in the laminar sublayer, the shear stress equals viscous 
stress.  Therefore, velocity profile of non-Newtonian flow obeys the conventional law of the wall 
in the laminar region if the viscosity at wall (r = R) is used in place of the Newtonian viscosity in 
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The conventional law of the wall with this modified definition of the dimensionless distance-to-
wall, y+ will be implemented to predict the velocity profile of non-Newtonian turbulent pipe 
flow.  In order to initiate this prediction, the wall shear stress or equivalently the pressure 




shear stress/pressure gradient predictions for non-Newtonian pipe flow can be achieved with the 
Chilton-Stainsby friction factor correlation.  Figure 7-9 shows the dimensionless radial velocity 
profile predicted by the modified law of the wall and LES. 
 
Figure 7-9: Comparison between the dimensionless velocity profiles predicted by LES and that by 
the law of the wall 
As can be seen from Figure 7-9, the dimensionless radial velocity profile predicted by LES 
corresponds well with the law of the wall in the laminar region as well as the buffer region but 
deviates in the outer region.  This small deviation is potentially due to the fact viscosity increases 
as the distance to the wall distance increases138. 



























Figure 7-10: Predicted radial velocity profiles by LES and the Law of the Wall 
As can be seen from Figure 7-10, the radial velocity profile predicted by the law of the wall only 
differs from LES predictions by ~10%, showing that the law of the wall method is reliable to 
generate predictions for the velocity profile to be used in heat and mass transfer modeling. 
In this section, we developed a rapid method to perform hydrodynamic modeling in order to 
generate input parameters for the heat and mass transfer modeling.  The key findings from this 
section were summarized below: 
 The flow regime of non-Newtonian pipe flow can be readily predicted by the Chilton-
Stainsby correlation. 
 The modified law of the wall can generate reliable predictions for the radial velocity 
profile. 
7.C.3 Calculation of Turbulent Diffusivity for Heat and Mass Transfer Modeling 
Solving the heat/mass transfer equation is a critical step in wax deposition modeling.  In order to 
generate reliable predictions for the temperature and concentration profiles, the turbulent 
heat/mass diffusivity needs to be calculated accurately.  As was shown in Section 7.B.2, RANS 
fails to predict the correct temperature and concentration profiles as it significantly under-
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predicts the turbulent diffusivities.  The turbulent heat/mass diffusivity depends on the turbulent 
momentum diffusivity, shown in Equations (7-16) and (7-17), as the mixing of heat and mass is 
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The modified law of the wall was again used to calculate the turbulent momentum diffusivity, 











































































Figure 7-11: Predicted radial profile of temperature/concentration with the Law of the Wall and 
LES 
As can be seen from Figure 7-11, the temperature/concentration profile predicted by law of the 
wall is virtually identically with that predicted by LES, indicating that the law of the wall is 
appropriate for the calculation of turbulent diffusivity to be used in heat/mass transfer modeling. 
In order to compare results from the law of the wall and LES to further validate the law of the 
wall method, the important dimensionless number, Δ, characterizing the relative rate of 
convective and diffusive transfer, defined in Equation (7-11) and repeated below, is again 
















For heat transfer, Δ is the Nusselt Number and for mass transfer Δ is the Sherwood Number.  The 




Table 7-6: Summary of the Δ values associated with the internal heat/mass transfer 
 
As can be seen from Table 7-6, the Δ values predicted from LES and the law of the wall agree 
well with each other. 
In summary, the modified law of the wall discussed in this section is appropriate for 
hydrodynamic, heat and mass transfer modeling for non-Newtonian turbulent pipe flow.  The 
algorithm based on the modified law of the wall to be incorporated in wax deposition model is 
summarized in Figure 7-12 below. 
LES 823





Figure 7-12: Summary of the hydrodynamic, heat and mass transfer modeling algorithm developed 
based on the law of the wall 
It should be noted that Figure 7-12 includes another advancement in the wax deposition 
modeling, i.e., accounting for the effect of shear stress at wall on the calculation of deposition 
rate, which will be discussed in detail in the following section. 
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7.D Modeling of Gelation in the Immediate Vicinity of the Wall/Deposit-
Fluid Interface 
Conventional wax deposition models simulate deposit growth solely based on the molecular 
diffusion mechanism.  Wax deposition is initiated by the precipitation of wax molecules at the 
wall (t = 0+) / deposit-fluid interface (t > 0) when the surface temperature is below the wax 
appearance temperature (WAT).  Precipitation of wax generates a radial concentration gradient 
and a net diffusive flux of dissolved wax molecules to the cold solid surface.  A fraction of the 
dissolved wax molecules reaching the deposit-fluid interface precipitate and form an interlocking 
network with entrapped oil, leading to deposit growth21.  The rest of the wax molecules continue 
to diffuse into the existing deposit layer, causing an increase in the wax content of the deposit21.  
Modeling efforts have been mostly concentrated on the calculation of radial diffusion of wax 
molecules towards the pipe wall (t = 0+) / deposit-fluid interface (t > 0) and the internal diffusion 
of wax molecules into the deposit, as these variables are essential for the calculation of the 
growth rate of wax deposit, shown in Equation (7-19). 
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In existing wax deposition models, the solid volume fraction of the depositing layer, Ωwax, is 
either assumed to be a constant or determined empirically.  As a result, existing models cannot 
capture the variation of deposit solid wax volume fraction with changing operating conditions, 
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such as the imposed shear stress by the fluid and fail to predict the correct deposit growth rate 
and solid fraction at high and low oil flow rates14. 
Multiple experimental evidences suggest that the deposit solid volume fraction increases with 
increasing shear stress imposed by the fluid.  Singh et al. measured the gelation temperature of a 
model wax-in-oil mixture under various shear stress and cooling rate with a controlled stress 
rheometer139.  In Singh et al.’s study, the gelation temperature is defined as the point when the 
loss and storage modulus equals each other.  It was discovered that the gelation temperature of 
the oil of interest decreases with increasing imposed shear stress, suggesting that a larger amount 
of solid has precipitated at gelation under higher shear stress.  In addition to rheometric 
characterizations, the variation of the solid content in the deposit was also observed from flow 
loop wax deposition experiments39.  Figure 7-13 shows the deposit composition obtained from 
two flow loop wax deposition experiments with similar diffusive fluxes of dissolved wax, but 
with different oil and wall temperatures. 
 
Figure 7-13: Comparison between the deposit solid wax contents from two runs with similar 
concentration driving forces but drastically different wall shear stresses 
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As can be seen from Figure 7-13, despite the similar mass flux of dissolved wax between the two 
experimental runs, the compositions of the solid deposits in these two experiments are drastically 
different.  A deposit layer forms when its dynamic yield stress exceeds the shear stress imposed 
by the flow.  As the dynamic yield stress of the deposit increases with the solid content of the 
deposit, the deposit formed at the higher flow rate (high wall shear stress) contains a significantly 
larger amount of solid wax than the deposit formed at the lower flow rate. 
Both rheometric and flow loop experiments suggest that the deposit solid content can vary 
significantly with shear stress.  Despite the overwhelming experimental evidence suggesting that 
the deposit solid content changes with imposed shear stress, it has remained unclear how the 
solid volume fraction of the depositing layer can be modeled rigorously.  We now introduce a 
rigorous method to model the formation of a gel deposit and predict the solid volume fraction of 
the depositing layer based on first principles of rheology. 
The solid wax-in-oil suspension in the immediate vicinity of the wall gradually develops a yield 
stress (τy) as the solid volume fraction, Ωwax, increases due to molecular diffusion of wax towards 
the wall and into the deposit.  The wax-in-oil suspension in the immediate vicinity of the wall 
cease to flow when the yield stress, τy of the suspension exceeds the shear stress (τs) imposed by 
the fluid flow.  Figure 7-14 provides an illustration of the process of gelation described above 




Figure 7-14: Illustration of gelation process in the immediate vicinity of the wall and the mathematical implementation
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Figure 7-15 (a) shows the predicted increase of the solid volume fraction in the oil in the 
immediate vicinity of the wall in a field scale simulation.  In order to calculate the change of 
dynamic yield stress as a function of time, the solid volume fraction at each time step shown in 
Figure 7-15 (a) is entered into the relationship between the dynamic yield stress and the solid 
volume fraction.  The relationship between the dynamic yield stress and the solid volume 
fraction was obtained by fitting of the viscosity-temperature curves measured at different shear 
rates using the Herschel-Bulkley equation.  The increase in the dynamic yield stress of the wax-
oil suspension is shown in Figure 7-15 (b).  This field scale simulation will be described in detail 
in the following Section 7.E. 
 
Figure 7-15: (a) Evolution of solid volume fraction in the immediate vicinity of the wall (b) 
evolution of dynamic yield stress of wax-in-oil suspension in the immediate vicinity of the wall to 
the point of deposit formation 
As can be seen from Figure 7-15 (a), the solid volume fraction of in the immediate vicinity of the 
wall continuously increases as time elapses due to accumulation of solid wax, leading to a 
continuous increase in the dynamic yield stress of the solid-liquid suspension, shown in Figure 
7-15 (b).  This layer gels to form a deposit when the dynamic yield stress reaches or exceeds the 








































































At this point, the modeling of hydrodynamics, heat and mass transfer as well as the deposit 
formation were enhanced with non-Newtonian fluid mechanics.  In the following section, the 
enhanced wax deposition model will be applied on a real-world field scale pipeline. 
7.E Application of the Enhanced Wax Deposition Model on a Field Scale 
Pipeline 
The enhanced wax deposition model is applied to predict wax deposition in a real-world field 
scale pipeline offshore of Indonesia59.  This pipeline transports waxy crude oil from a central 
processing platform to floating production storage offloading.  The subsea pipeline has an inner 
diameter of 12 inch and a length of 23 km.  The pressure drop across the entire pipeline is 
monitored over the production period.  It was observed that wax deposition causes the pressure 
drop to increase from ~ 200 psi to ~ 300 psi over a production period of 7 days59.  Detailed 
description of this field as well as the monitored operating variables, such as flow rate, 
temperature, and pressure drop can be found in the article by Singh et al59.  The simulation 
parameters and configurations are summarized in Appendix U in the supporting information. 
The wax deposition model was first used to calculate the pressure drop along the pipeline 
without wax deposit attached to the pipe wall.  The calculated pressure drop, 180 psi, 
corresponds well with the pressure drop recorded right after pigging, ~200 psi, thereby validating 
the hydrodynamic calculation.  The heat transfer simulation predicts an average outlet 
temperature of 30°C, which corresponds well with the field observation of an outlet temperature 
varying from 27 °C to 29 °C during production59.  Wax deposition modeling was then performed 
after the hydrodynamic and heat transfer calculations were validated by comparison between 
predictions and field observations.  Figure 7-16 (a) shows the predicted pressure drop – time 
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trajectory by assuming two limiting scenarios for the bulk precipitation kinetic constant, i.e., the 
Chilton-Colburn approach139 and the solubility approach96. 
 
 
Figure 7-16: Comparison between the predicted pressure drop evolutions with that observed in 
field 
As can be seen from Figure 7-16 (a), the Chilton-Coburn analogy significantly over-predicts the 
pressure drop build-up rate while the solubility method is more representative for the bulk 
precipitation kinetics in this field scale simulation.  The bulk precipitation kinetic constant was 
adjusted to achieve agreement between the predicted pressure drop – time trajectory and that 
observed in the field, shown in Figure 7-16 (b).  As can be seen from Figure 7-16 (b), the 
predicted pressure drop matches the observed pressure drop evolution with an adjusted bulk 
precipitation kinetic constant of 2×10-2s-1.  This value is consistent with the range of bulk 
precipitation kinetic constant reported by Lee et al., i.e., 10-2-1s-113.  It is noticed that the 
predicted starting pressure drop is slightly lower (10 %) than the observed pressure drop.  This 
discrepancy is likely due to the fact that a certain amount of wax deposit remains attached to the 
pipeline after the pigging, therefore leading to a higher pressure drop right after the pigging than 


























































model is the first model that can generate reasonable field predictions from first principles of 
fluid mechanics, transport and rheology.  The enhanced wax deposition model predicts a wax 
content of 24 wt.%, which corresponds well with the wax content of the pig return deposit, i.e., 
27±2 wt.%.  Table 7-7 summarized the comparisons between predictions and field observations. 
Table 7-7: Summary of non-Newtonian model predictions and field observations 
 
As can be seen from Table 7-7, excellent agreement between the model predictions and field 
observations of pressure drop, temperature as well as the wax content presented in this section 
indicate that the enhanced wax deposition model can provide wax deposit predictions with a high 
level of confidence.  If the Newtonian approach is used to predict the pressure drop right after 
pigging, a more severe under-prediction can be observed, shown in Table 7-7.  Figure 7-17 
shows the predicted average wax deposit thickness over the entire length of the pipeline as well 
as the axial deposit thickness profile. 
 
Figure 7-17: (a) Predicted average deposit thickness evolution over a production period of 7 days 
(b) Predicted axial deposit thickness profile after 7 days of production 
Prediction Field observation
Pressure drop right after pigging (psi) 180 200
Pressure drop with Newtonian approach 160 200
Pipeline outlet temperature (°C) 30 27-29












































It should be noted that predictions such as those shown in Figure 7-17 are virtually impossible to 
measure in a field scale pipeline.  Therefore, such insights on the average deposit thickness 
evolution and the axial deposit thickness profile are extremely valuable for pigging design.  In 
order to highlight the difference between the Newtonian and non-Newtonian wax deposition 
models, the change of pressure drop as a function of time as well as the axial deposit thickness 
profile were generated with the Newtonian wax deposition model, shown in Figure 7-18.  It 
should be noted that exact same input parameters, except the viscosity, used for wax deposition 
modeling with the non-Newtonian modelwerealso used in the Newtonian model.  An Arrhenius 
temperature dependency was used for the viscosity in the Newtonian model without the 
consideration for the increase in viscosity due to suspended solid. 
 
Figure 7-18: (a) Comparison between the pressure drop-time trajectories predicted by non-
Newtonian and Newtonian approaches; (b) Comparison between the axial deposit thickness profile 
predicted by non-Newtonian and Newtonian approaches 
As can be seen from Figure 7-18 (a), the Newtonian model significantly under-estimates the 
pressure drop increase over time due to the under-estimation in the viscosity.  Misinterpretation 
of this under-estimation of the pressure drop build-up generated from the Newtonian model can 
lead to overoptimistic assessment of the wax deposition risk.  As can be seen from Figure 7-18 





















































estimation is due to the fact that the Newtonian model assumes the solid fraction of the deposit to 
be always greater than total wax content of the oil, i.e., 17 wt.% for this particular crude while 
based on analysis from rheology, it only takes ~ 6 wt.% of solid wax to immobilize the wax-in-
oil suspension and form a deposit. 
7.F Conclusions 
In this investigation, we assessed the role of non-Newtonian characteristics on wax deposition 
modeling.  Non-Newtonian hydrodynamics as well as heat and mass transfer modeling were 
investigated with large eddy simulations (LES).  With LES, the effects of non-Newtonian 
turbulent characteristics on hydrodynamics as well as heat and mass transfer models were 
studied from first principles.  The computational cost of applying LES to model wax deposition 
in a field scale pipeline was calculated.  It was discovered that LES is too computationally 
intensive for the modeling of wax deposition in a field scale pipeline.  The option of using 
common turbulent modeling technique, i.e., RANS, for wax deposition modeling in industrial 
scale pipeline was explored.  Comparison between LES predictions and Reynolds Average 
Navier Stokes (RANS) predictions revealed that commonly used RANS models lead to 
numerical artifacts in the hydrodynamic and transport modeling results.  Based on the insights 
provided by LES, computationally efficient and reliable methodologies, i.e., the modified law of 
the wall for the calculations of velocity profile, temperature and concentration profiles were 
developed to enhance hydrodynamic, heat and mass transfer calculations in existing wax 
deposition models.  The key findings from the hydrodynamic modeling as well as heat and mass 
transfer modeling using the three simulation techniques, i.e., LES, RANS and the law of the wall 
are summarized as follows: 
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 The previously suspected plug in the central region of the flow is constantly destroyed by 
turbulent eddies 
 Transition of turbulent flow to laminar flow can occur as the fluid flows and cools along 
pipeline. 
 The computational cost of using LES for wax deposition modeling an industrial scale 
pipeline is intolerable. 
 RANS generates numerical artifacts in both velocity profile prediction and 
temperature/concentration profile predictions due to its limitation that it cannot resolve the 
instantaneous fluctuating shear rates near the central region of the flow. 
 The modified law of the wall approach can generate rapid and accurate predictions for the 
velocity profile, temperature and concentration profiles.  Therefore, the modified law of the 
wall approach is used for wax deposition modeling. 
The enhanced wax deposition model is applied to predict wax deposition in a real-world field 
scale pipeline.  The wax deposition model generates reliable predictions for the increase of 
pressure drop due to deposit build-up over time, the temperature at the outlet of the pipe as well 
as the wax content of the deposit.  The good agreement between the model predictions and field 






8.A Wax Deposition from Single Phase Oil Flows 
8.A.1 Prediction of the Compositions of Wax Deposits 
A theoretically rigorous methodology by combining thermodynamic modeling and heat and mass 
transfer modeling was developed to predict the compositions of wax deposits.  It was discovered 
that the composition of a wax deposit is governed by the difference among the concentration 
driving forces of the molecular diffusion of different precipitating and deposit paraffin 
components.  It was generalized that the deposit formed under a high wall temperature is more 
enriched in heavy normal alkanes as these alkanes consist of the first fraction to precipitate when 
the wall temperature drops below the wax appearance temperature. 
8.A.2 Wax Deposition Modeling Considering the non-Newtonian Fluid Mechanics 
A novel wax deposition model was developed to account for the impacts of non-Newtonian fluid 
mechanics of waxy crude oil on the modeling of hydrodynamics, heat and mass transfer.  In 
addition, the deposit formation is modeled as a gelation process.  It was discovered that common 
computational fluid dynamics techniques, such as large eddy simulation and Reynolds-Averaged 
Navier-Stokes equations are not applicable for the modeling of wax deposition in field scale 
pipelines.  A modified law of the wall is applicable for this particular engineering application.
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The novel model can predict the pressure drop increase as well as the wax content of the deposit 
collected by pigging in a real-world field scale pipeline. 
8.B Wax Deposition from Oil-Water Two Phase Flows 
8.B.1 Wax Deposition from Water-Oil Stratified Flow 
Wax deposition characteristics in water/oil stratified flow were investigated by flow loop wax 
deposition experiments.  It was discovered that the stratified water phase reduces the pipe wall 
surface area available for deposition by preventing the contact between oil and the pipe wall.  
The water phase has negligible impacts on the heat and mass transfer aspects of wax deposition 
while the wall shear stress of the oil phase decreases with increasing water volume fraction in the 
bulk, leading to increased deposit thickness as the water volume fraction increases. 
8.B.2 Wax Deposition from Water-Oil Dispersed Flow 
The impacts of the dispersed water phase on the heat transfer, mass transfer and deposit rheology 
were analyzed comprehensively.  Different heat transfer characteristics were observed in lab 
scale and field scale wax deposition processes.  The water phase retards the heat loss by 
increasing the viscosity of the fluid flow under lab scale conditions, leading to decreased 
deposition rate with increasing water volume fraction in the fluid.  On the other hand, under field 
scale conditions, the water phase preserves the concentration driving force for wax deposition 
due to its high heat capacity, causing more severe wax deposition in presence of the water phase.  
The water phase retards the mass transfer of wax molecules by acting as barriers to diffusion.  
This inhibitive effect on molecular diffusion can be modeled with fundamental equations for the 
transport process in porous media.  Water droplets can be entrapped by the deposit during wax 
deposition.  The amount of water trapped in a deposit depends not only on the water volume 
fraction of the bulk but also the droplet size.  Smaller droplets are easier to be entrapped while 
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droplets larger than 100 microns in diameter will not be entrapped.  Entrapment of water droplets 
significantly lowers the deposit yield stress and causes it to slough-off under imposed shear. 
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Chapter 9Future Directions 
This thesis work advanced our understanding of wax deposition processes in both single-phase 
oil flow and water-oil two phase flow.  Along with experimental investigations, enhanced wax 
deposition models have been developed in order to enable reliable predictions of wax deposition 
rate in field scale pipelines.  Such predictions are of great value during the conceptual design 
phase of field development where judgmental calls are to determine 1) whether significant wax 
deposition/gelation risk will be encountered, 2) whether economical wax treatment program can 
be implemented to remediate the wax risks and eventually 3) whether the field development is 
profitable considering the wax risks and necessary treatment programs. 
Besides the insights generated from this thesis, the following several projects can be pursued. 
 Characterization of paraffin precipitation kinetics 
 Wax deposition modeling in oil-gas two phase flows 
 Modeling the effect of wax inhibitors/pour point depressants on wax deposition and 
pipeline restart 
 Computer-aided design of wax remediating chemistries 
Progress in these areas can not only generate interests and advancements in the scientific 
community but also lead to significant industrial impacts.
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9.A Paraffin Precipitation Kinetics 
The precipitation kinetic constant of wax molecules is a critical input parameter to wax 
deposition models as predictions from wax deposition models are sometimes sensitive to this 
parameter.  Consequently, the wax deposition rate predictions can have large uncertainties due to 
the unknown bulk precipitation kinetic constant.  Unfortunately, no experimental method has 
been developed to measure this parameter.  As a result, the precipitation kinetic constant remains 
as a tuning parameter in wax deposition models.  The uncertainties of the predictions from wax 
deposition models can be greatly reduced if the precipitation kinetic constant could be 
experimentally characterized or estimated to some extent.  Lopes-da-Silva et al. characterized the 
kinetics of the structural development of wax-in-oil suspension during cooling using a rheometer 
and attempted to correlate the rate of structural development to the rate of precipitation via fitting 
of the experimental data to the Avrami model140.  The development of a microscopic structure of 
the wax-in-oil suspension is indeed caused by precipitation of wax.  However, the observed rate 
of structural development of wax-in-oil suspension not only depends on the rate of precipitation 
but also depend on the thixotropic characteristics of the oil118.  Therefore, the measured rate of 
structural development in a rheometric experiment is a convoluted net effect from both 
precipitation and thixotropy and does not necessarily represent the true precipitation kinetics. 
Compared to rheometric experiments, differential Scanning Calorimetry (DSC) technique is a 
more promising experimental method to study the rate of crystallization of materials as it 
monitors the heat release associated with precipitation141.  In order to observe the kinetics of 
precipitation/crystallization with a DSC instrument, it is required that the rate of cooling that can 
be achieved by the DSC apparatus be more rapid than the rate of precipitation/crystallization.  
Due to this limitation, DSC has only been commonly used to study the precipitation kinetics of 
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polymers, whose rates of precipitation are relatively low141.  For example, Blaine has 
successfully determined the precipitation rate law and rate constants of polypropylene141.  The 
rapid precipitation rate of waxes due to their relatively short chain lengths compared to polymers 
can make it challenging to achieve the required cooling power for the study of wax precipitation 
kinetics. 
Besides experimental techniques to study wax precipitation kinetics, simulation techniques have 
been developed to predict the rate of precipitation142–147.  For example, Waheed et al. simulated 
the crystal growth of n-eicosane142 and Yi et al. simulated the crystal growth of n-octane146.  It 
should be noted that both simulations were performed based on a single component system 
composed solely of the paraffin of interest.  In order words, these investigations simulated the 
crystallization process of molten n-eicosane and n-octane respectively.  However, 
precipitation/crystallization of waxes from crude oils occurs from a solution composed of n-
alkanes covering a wide range of carbon numbers as solutes and iso-, cyclic-paraffins or 
aromatic hydrocarbons as solvents.  Therefore, the systems studied by Waheed et al. and Yi et al. 
are not satisfying representations of crude oils.  The main challenge in the simulation of 
precipitation/crystallization is the modeling of nucleation as this simulation process requires the 
computer model to access a “rare” event with low probability.  As can be imagined, the modeling 
of nucleation will become more challenging if the developed methods were directly extrapolated 
to model wax precipitation from crude oils because wax is usually at a much lower concentration 
in a crude oil compare to the reported single component system where the concentration of the 
alkane is unity.  Consequently, the probability of a computer model to generate a nucleus will be 
significantly limited, making the program unacceptably computational intensive.  Therefore, 
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more advanced computational techniques are required to predict the rate of precipitation of 
waxes from crude oils. 
9.B Wax Deposition Modeling in Oil-Gas Two Phase Flow 
Oil-gas multiphase flow is commonly encountered in oil production.  However, existing wax 
deposition modeling methodology for oil-gas multiphase flow is highly empirical148.  The only 
existing oil-gas two phase flow wax deposition model by Matzain calculates the deposit growth 
rate based on the diffusive mass flux of wax towards the fluid-deposit interface but uses as many 
as three adjustable parameters to account for the effects of flow pattern and shear on wax 
deposition rate.  A model with this many tuning parameters can easily over-fit the experimental 
data.  Additionally, empirical adjustments were applied to off-set the error in the calculated 
convective heat and mass transfer coefficients of the oil-gas two phase flow using Sieder-Tate 
correlation which is originally developed based on single-phase turbulent flow.  Although this 
elementary model can be tuned to match experimental data, its predicative power is extremely 
limited.  A rigorous wax deposition model for oil-gas two phase flow should start with a thermal 
dynamic simulation of the vapor-liquid equilibrium to predict the relative amount of gas and oil 
in the pipeline, followed by predictions of the flow pattern.  It was experimentally observed that 
various flow patterns can form during oil-gas two phase flow depending on the superficial 
velocities of oil and gas149.  The wax deposition characteristics are drastically different among 
different oil-gas flow patterns and therefore require case-by-case analysis.  Computational Fluid 
Dynamics (CFD) techniques are promising to provide insights to the heat and mass transfer 
characteristics associated with different oil-gas two phase flow patterns.  Duan et al. applied 
CFD techniques to simulate heat and mass transfer as well as wax deposition in oil-gas stratified 
flow150.  Such approach can be extended to other important oil-gas two phase flow patterns, such 
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as stratified-wavy flow, intermittent flow, annular flow etc.  The heat and mass transfer 
characteristics obtained from CFD simulations can be condensed in the form of a correlation for 
the convective heat/mass transfer coefficient, which can then be used in wax deposition 
modeling to generate wax deposition predictions.  Figure 9-1 shows a conceived algorithm for an 
oil-gas two phase flow wax deposition model. 
 
Figure 9-1: A conceived algorithm for oil-gas two phase flow wax deposition model 
9.C Effects of Polymeric Inhibitors on Wax Deposition/Pipeline Restart 
Investigations on wax inhibition have been carried out extensively with the hope to discover 
chemicals that can improve the flow properties of wax oil and reduce wax deposition rate.  
Pedersen and Rønningsen discovered that the addition of wax inhibitors lowers the wax 
appearance temperature (WAT) and viscosity of the waxy oil151.  Jennings and Weispffennig 
performed cold finger wax deposition experiments in order to assess the impact of wax inhibitors 
on wax deposition rate10.  It was observed that the wax deposition rate decreases in presence of 
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wax inhibitors.  Recently, Hoffmann and Amundsen conducted flow loop wax deposition 
experiments in presence of wax inhibitors152.  A reduction of 60% to 90% in the deposit 
thickness was observed.  Chi et al. performed additional flow loop wax deposition experiments 
in presence of wax inhibitors and observed similar reduction in the wax deposition rate upon 
addition of wax inhibitors153.  Despite the extensive investigations on the effect of wax inhibitor 
on wax deposition using cold finger and flow loop apparatus, it is unclear how the results from 
laboratory testing can be scaled-up to estimate the reduction in wax deposition rate in the field.  
To date, selection of wax inhibitors largely depends on laboratory cold finger wax deposition 
experiments and experiences from seasoned field engineers.  Therefore, there is an imperative 
need to incorporate the effect of wax inhibitors in wax deposition modeling to predict the wax 
deposition rate in presence of wax inhibitors under field conditions.  It was speculated that wax 
inhibitors alter the precipitation characteristics, i.e., the wax appearance temperature and the wax 
precipitation curve, leading to reduction in wax deposition rates151.  However, emerging 
experimental evidence suggests that wax inhibitors only cause minimal changes in the wax 
precipitation characteristics154 and the minimal change cannot quantitatively explain the 
significant reduction in wax deposition rate.  On the other hand, it was observed that the wax 
inhibitors cause drastic changes in the microstructure of the solid network of the wax-in-oil 
suspension.  Figure 9-2 shows the low temperature microstructure of a waxy crude oil before and 




Figure 9-2: (a) Microstructure of Changqing waxy crude oil below the wax appearance 
temperature; (b) Microstructure of Changqing waxy crude oil doped with maleic anhydride 
copolymer154 
As can be seen from Figure 9-2 that the microstructure changes from a volume-spanning network 
to groups of distantly distributed agglomerates.  This change in microstructure is likely due to the 
fact that polymeric inhibitors co-crystallize with alkane molecules and prevent wax crystals from 
forming an interlocking network.  The change in the microstructure of the wax-in-oil suspension 
leads to drastic changes in the rheological properties, including the apparent viscosity and pour 
point, of the oil154.  As a result, efforts to predict the effect of wax inhibitors on wax deposition 
should be focused on incorporating the effect of the wax inhibitors on oil rheology into the wax 
deposition model.  The second-generation wax deposition model presented in Chapter 7 is likely 
a good starting point for this research campaign. 
In addition to wax deposition, pipeline gelation and restart is also a severe flow assurance 
challenge originated from wax precipitation.  Occasionally, oil flow in the pipeline needs to be 
temporarily stopped due to maintenance needs.  Gelation of the remaining waxy oil can occur in 
the pipeline if the ambient temperature is lower than the pour point of the oil.  The gelled waxy 
oil behaves like a Bingham plastic with a yield stress.  In order to restart the oil flow, a pressure 
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drop is applied across the gelled pipe section in order to overcome the yield stress of the waxy 
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In real-world field operation, the crude oil is usually treated with wax inhibitors.  It was observed 
that wax inhibitors significantly reduce the yield stress of a waxy gel155.  Therefore, application 
of polymeric wax inhibitors is promising to facilitate gel breakage and pipeline restart. 
Furthermore, it was discovered that the gel-break process is not instantaneous114, complicating 
the design for restart process.  Researchers have developed mathematical models to simulate the 
time-dependent yielding of waxy gel in a pipeline124,156.  Incorporation of the effect of wax 
inhibitors on the thixotropic rheology of waxy gel in these mathematical models can generate 
more representative predictions of the pipeline restart process in the field. 
9.D “Smart” Design of Polymeric Wax Inhibitors/Pour Point Depressants 
Polymeric wax inhibitors and pour point depressants usually contains two molecular moieties: a 
paraffin-like moiety and a non-paraffin like polar moiety.  Several classical polar moieties 
include esters, vinyl acetates, maleic anhydrides and acrylonitriles154.  Such molecular structures 
are designed to induce co-crystallization between the paraffin-like portion of the wax inhibitor 
and wax while the polar moieties disrupt the molecular alignment in the crystal structure due to 
the low affinity between these moieties and alkane molecules.  During experimentation, it was 
observed that certain waxes respond to certain wax inhibitors/pour point depressants while are 
not responsive to other chemical treatments157.  Despite the variety of available wax 
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inhibitor/pour point depressant chemistries, a widely effective chemistry is still lacking.  Some 
tough-to-treat waxy crude oils do not respond to any available wax inhibitor/pour point 
depressant chemistry.  Therefore, novel wax inhibitor/pour point depressant chemistries need to 
be developed. 
Instead of a “brute-force” approach where numerous polymer molecules are synthesized and 
tested for wax inhibition and pour point depression efficacy in crude oils, computer simulations 
can be utilized to guide the design of polymeric wax inhibitors/pour point depressants.  Duffy 
and Rodger simulated the effect of poly(octadecyl acrylate) on wax inhibition.  It was discovered 
by computer simulation that the polymer molecules create defects in the crystal structure and 
thereby slowing crystal growth158.  Jang et al. studied wax inhibition by comb-like polymers with 
molecular dynamics simulations.  It was discovered that the comb-like polymer prefers the 
interactions with oil solvent and as a result, perturb the wax crystal structure when incorporated 
in the crystal matrix, leading to wax inhibition159.  With more and more able computers, such 
simulation can be performed rapidly.  Instead of physically synthesizing molecules via chemical 
reactions, promising polymer candidates as wax inhibitors/pour point depressants can be 
designed with computer simulations and their interaction with alkane molecules can be 
predicted. 
In addition to conventional polymeric wax inhibitors/pour point depressants, hybrid wax 
inhibitors are currently being developed.  One typical hybrid wax inhibitor/pour point 
depressants has been developed by mounting active polymer molecules onto nano-sized silica 
particles160,161.  This hybrid wax inhibitor/pour point depressant is easier to handle due to its solid 
nature compared to conventional polymers which usually need to be dissolved in a large amount 
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of organic solvent before field applications.  In some cases, the hybrid wax inhibitor/pour point 
depressants out-performs the polymeric inhibitor/pour point depressants161. 
Design of wax inhibitors/pour point depressants have been focused on achieving molecular 
interaction between the inhibitor and paraffin in order to disrupt the microstructure of wax 
crystals.  However, it has been observed that aromatic moieties in the polymer structure can 
interact with the polar fractions of the crude oils, e.g., asphaltenes and resins to achieve better 
wax inhibition/pour point depression performance162,163.  Consequently, the design of the next-
generation wax inhibitor/pour point depressant chemistry should aim for interactions with not 










Analysis of the Pseudo-Steady State Assumption Implemented in 
Heat Transfer Modeling 
In order to determine the radial and axial temperature profile of the oil flow, the heat transfer 
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 (A-1) 
It should be noted that Equation (A-1) is applicable when the pipe diameter is much smaller than 
the pipe length.  In the Michigan Wax Predictor (MWP), it is assumed that the temperature 
profile of the flow is always close to the steady state profile, i.e., at pseudo-steady state.  As a 
result, the temperature profile is determined by solving the steady state heat transfer equation, 
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 (A-2) 
It should be noted that the wax deposit formed on the inner pipe wall acts as an insulation layer 
that retards heat loss from the oil flow to the surrounding.  Therefore, the temperature profile 
depends on the deposit thickness.  Moreover, the deposit thickness increases as time elapses.  
Consequently, in order for the pseudo-steady state assumption to be valid, it is required that the 
time scale for the temperature profile to achieve steady states is significantly shorter than the 
time scale of deposit build-up.
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The time scale for the temperature profile to reach steady state depends on time scales of both 
















We will now estimate these two time scales based on the typical parameter values, e.g., pipe 
radius, oil flowrate, etc. in a field pipeline.  Table A-1 provides the typical values for the 
parameters of interest in a field scale wax deposition simulation. 
Table A-1: Representative values for the parameters used in field scale wax deposition modeling 
 
The time scales for advection and conduction can be calculated as shown in Equations (A-5) and 
(A-6), respectively. 
 4
advection ~10t s  (A-5) 
 5
conduction ~10t s  (A-6) 
Note that the time scale for conduction is much longer than the time scale for advection, i.e., 
advection is much more rapid than conduction.  Therefore, the time it takes for the temperature 
profile to reach steady state depends on the time it takes for the fluid packet to travel from the 
pipeline inlet to the outlet.  This finding can be validated by numerically solving the unsteady 
state advection-conduction equation using the Crank-Nicolson scheme and monitoring the 
temperature profile evolution over time.  Figure A-1 shows the evolution of the axial temperature 
Variables Values in intuitive units Values in SI units 
Pipeline length, L 10 km 104 m 
Superficial velocity, Vz 1 m/s 1 m/s 
Pipe radius, R 10 in. 10-1 m 
Effective thermal diffusivity, εeff,T 10




profile along the inner pipe wall obtained using parameters in the field scale pipeline modeling 
performed from Chapter 7.  It should be noted that at t = 0, the hot oil at 75°C has not yet entered 
the pipe and thus, the temperature of the entire pipe wall equals the ambient temperature of 25 °C 
regardless of the axial position. 
 
Figure A-1: Change of axial temperature profile along the pipe wall as a function of time. 
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As can be seen from Figure A-1, the development of the axial temperature profile is limited by 
the advancement of the liquid front. 
In order for the pseudo-steady state assumption to be valid, it is required that the time scale for 
the temperature profile to reach steady state is significantly shorter than the time scale for deposit 
formation.  In this case, it is required that the time scale for deposit formation is much longer 
than 104s. 
Here we use the time it takes for the deposit thickness to grow by 1% of the pipe radius, defined 
in Equation (A-7), as a characterization for the time scale of deposit formation. 














   (A-7) 
The three parameters, ρdeposit, R and Ωwax (the solid mass fraction of the depositing layer) in the 
numerator take typical values as shown in Equations (A-8) - (A-10). 
 3 3
deposit ~10 /kg m  (A-8) 
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     (A-11) 
As a result, the time scale for deposit formation can be estimated as shown in Equation (A-12). 















Note that the time scale of deposit formation is 100 times that of the time scale for the 
temperature profile to reach steady state.  In other words, it takes one hundred times longer for 
the deposit thickness to grow by 1% radius than for the temperature profile to reach steady state.  
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Therefore, it is appropriate to assume that the deposit thickness remains constant when solving 




Equations used by Coutinho’s Model to Calculate Liquid Phase 
Equilibrium Concentration 
The phase distribution of n-alkane depends on the difference in Gibbs free energy between the 
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(B-1) 
Using the Gibbs free energy difference, the distribution of n-alkane molecules between the solid 













As can be seen from Equation (B-2), Coutinho model takes into consideration of solid and liquid 
phase non-idealities and thus corrects the concentration terms in Equation (B-2) by 
multiplication with the activity coefficients. 
Coutinho’s model calculates the liquid phase activity coefficients based on Flory-free volume 
theory which accounts for the entropy effects due to molecule size difference as well as the free-
volume effects.  Equations (B-3)-(B-4) show the calculation of liquid phase activity coefficient. 
 























Coutinho model has two variations with different approaches to simulate the solid phase non-
idealities: the Wilson model and the UNIQUAC model.  According to the study by Coutinho et 
al., Wilson model and UNIQUAC model provide similar prediction of wax precipitation 
characteristics.  The advantage of the UNIQUAC model is that it can predict the formation of 
multiple solid phases.  However, the formation of multiple solid phases has no effect on the 
deposit CND because the deposit CND is determined for the deposit as a whole.  On the other 
hand, thermodynamic modeling with the UNIQUAC model is more computationally demanding 
because the compositions of multiple solid phases have to be calculated.  Consequently, Wilson 
model is used in this study for the calculation of solid phase activity coefficient. 
Equations (B-5)-(B-8) show the calculation of solid phase activity coefficient using Wilson 
model. 
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(B-7) 
 min( , )ij ij ii jj     (B-8) 
Combining the Coutinho model with the MWP, one can calculate the inlet and wall 
concentration of each component and can thus study the deposit CND by performing deposition 




Procedures Used to Obtain the “True” Precipitated Solid Phase 
Composition 
 
Figure C-1: The procedure to obtain precipitated solid phase composition by subtracting the oil 

























































































Equations for Hydrodynamic Calculations in the Michigan Wax 
Predictor (MWP) 
For laminar flow regime, the radial velocity profile is parabolic and can be calculated based on 
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The dimensionless distance, y+, is first calculated based on the kinematic viscosity of the water-
in-oil dispersion and the shear stress at wall.  The universal velocity profile is then used to 
calculate the dimensionless velocity, Vz






Derivation for the Formula to Calculate the Heat Transfer 
Coefficient between Oil and Water 
The heat flow from the water phase to the oil phase can be calculated according to Equation (E-
1). 
 
W O interface W O( )Q hA T T    (E-1) 
The interfacial area of all the water droplets can be calculated with Equation (E-2). 
 2
interface W4A N r  (E-2) 
The number of water droplets within the control volume, N, at a water volume fraction of w  can 












The convective heat transfer coefficient between oil and water can be calculated based on the 










The Nusselt number under such flow condition can be calculated based on the Reynolds number 
of the flow and the Prandtl number defined based on the physical properties of the oil phase, 













It should be noted that the velocity of the oil phase and the dispersed water phase is small due to 
the high viscosity of the oil phase.  Consequently, the Reynolds number in Equation (E-5) 
defined based on the velocity difference between the two phases is virtually zero. 
Substituting Equations (E-2) - (E-4) into Equation (E-1) leads to the following equation to 
calculate the heat transfer rate between oil and water 
 2O W




























Therefore, the heat transfer coefficient between the oil and water phases can be defined 












For a dispersion with a water droplet size described with a probability density function P(dw), the 
heat transfer rate from water to oil in a control volume can be written as the total heat transfer 
rate from each individual droplet, shown in Equation (E-8). 
 
W O all droplets W W O W( )( )Q h T Ad T    (E-8) 
Substituting the calculation for the heat transfer coefficient between oil and water droplets, i.e., 
Equation (E-4) in to Equation (E-8) leads to Equation (E-9). 
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The summation can be replaced by an integral given that there is a large number of droplets in 
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(E-10) 
In addition, the number of droplets can be related to the water volume fraction of the control 
volume through Equation (E-11). 
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Therefore, the interphase heat transfer coefficient between water and oil can be defined 


























Parameters Used in the Field Scale and Lab Scale Simulations to 
Generate Temperature Profile Predictions 
The viscosity of the oil used in the field scale simulation is described by Equation (F-1). 
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The viscosity of the emulsion used in the simulation is described by Equation (F-2)164. 
   2E O W W W( ) exp 5 3 5.5· 1Pa s        (F-2) 
Other input parameters used in the field scale simulation are summarized in Table F-1. 
Table F-1: Input parameters for field scale heat transfer simulation 
 
The viscosity of the oil used in the lab scale simulation is described by Equation (F-3). 
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Equation (F-2) was used to describe the viscosity of the water-in-oil emulsion in the lab scale 
simulation as well. 
Other input parameters used in the lab scale simulation is shown in Table F-2.
Length (km) 20
Diameter (mm) 324
Total flow rate (m
3
/hr) 570
Water volume fraction 0.5
Inlet temperature  (°C) 75
Coolant temperature  (°C) 4









Total flow rate (m
3
/hr) 15
Water volume fraction 0.5
Inlet temperature  (°C) 25
Coolant temperature  (°C) 15






Heat Transfer Modeling with the Rectangular Channel 
Panacharoensawad et al. performed water-in-oil flow experiments in a rectangular channel70,95.  
Several pairs of adjacent thermal couples were installed beneath the channel and in the 
perpendicular direction to the flow.  Based on the readings from two paired thermal couples and 
the distance between them, the heat flux from the oil-water mixture to the coolant can be 
calculated.  Other details concerning this apparatus can be found in ref. 70 and 95.  This 
investigation provides a comprehensive characterization of the heat transfer from water-in-oil 
dispersed flow to coolant.  As a result, heat transfer modeling was performed on this laboratory 
flow channel in order to assess the performance of the pseudo-single phase and the Eulerian-
Eulerian approaches.  It should be noted that governing equations should be set up in the 
Cartesian coordinates for this heat transfer modeling as the flow channel is rectangular.  The 
operating conditions used for this simulation are included in Table G-1.
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Table G-1: Input parameters for heat transfer modeling on the rectangular channel 
 
Figure G-1 shows the measured heat fluxes at different axial locations along the deposition cell 
in comparison with the predictions generated with different heat transfer modeling approaches. 
 
Figure G-1: Comparison between the predicted heat fluxes (solid and dashed curves) with various 
assumed droplet diameter and a fixed water volume fraction of 0.35 with experimental 
measurements ( ) obtained from a rectangular flow channel 
As can be seen from Figure G-1, using a pseudo-single phase approach over-estimates the heat 
fluxes at all axial locations.  In order to use the Eulerian-Eulerian approach, the droplet size 
distribution needs to be characterized experimentally.  Unfortunately, the droplet size 
distribution of the water-in-oil dispersion was not measured when this experiment was performed 
as the investigators of this study were not aware that the droplet size distribution would become 
an important input parameter for wax deposition modeling at that time.  As a result, a sensitivity 
analysis on the droplet diameter was performed in order to generate a first assessment of the 
Channel Length (m) 0.8
Channel Height (cm) 1.46
Channel Width (cm) 4.51
Bulk Superficial Velocity (m/s) 0.94
Water Volume Fraction 0.35
Inlet Temperature  (°F) 105
Coolant Temperature (°F) 84
























d = 10 μm
d = 100 μm
d = 1 mm
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Eulerian-Eulerian approach.  As can be seen from Figure G-1, a reasonably good match between 
the experimental measurements and predictions can be achieved with the Eulerian-Eulerian 




Prediction of Wax Concentration Profile around Water Droplets in 
Absence of Bulk Precipitation 
The concentration profile of wax molecules around the water droplets was simulated by 
assuming no bulk precipitation.  The computational domain as well as the boundary conditions 
are shown in Figure H-1. 
 
Figure H-1: Schematics of the control volume as well as the governing equations and boundary 
conditions used to simulate the wax concentration profile in absence of bulk precipitation 
Figure H-2 shows the simulated diffusion pathway of wax molecules with various water volume 











Top: θwax (dimensionless concentration) = 1
Bottom: θwax = 0 (dimensionless concentration)
Left and Right: periodic boundary condition
Front and Back: periodic boundary condition










Figure H-2: The simulated diffusion pathways (red arrows) of wax molecules in presence of water 
droplets at different volume fractions 
As can be seen from Figure H-2, the diffusion pathway of wax molecules become more and 
more tortuous as the water volume fraction increases, leading to a lower effective diffusivity.  
The decrease of effective diffusivity with increasing water volume fraction is analyzed in the 
main body of the manuscript.




Prediction of the Diffusivity Reduction Parameter in the Method of 
Ensemble Averaging 
The concentration profile of wax molecules around the water droplets was simulated by 
assuming no bulk precipitation.  The computational domain as well as the boundary conditions 
are shown in Figure I-1. 
 
Figure I-1: Schematics of the control volume as well as the governing equations and boundary 











Constant concentrations calculated from preliminary macroscopic 
modeling are imposed on top and bottom of the control volume.
Periodic boundary conditions are imposed on the left and right surfaces.
The wax concentration profile calculated from preliminary macroscopic 
modeling is imposed on the front surface.
No-flux boundary conditions are imposed on droplet-oil interfaces.
The equilibrium concentration profile is calculated based on the 
temperature profile predicted by the macroscopic simulation.
























Wax Concentration Profile around Water Droplets with 
Instantaneous Bulk Precipitation Kinetics 
The concentration profile of wax molecules around the water droplets was simulated by 
assuming an instantaneous bulk precipitation kinetics.  The computational domain as well as the 
boundary conditions are shown in Figure J-1.  The mass transfer simulation was performed in a 
cubic control volume instead of the entire pipeline.  Such simulation does not require 
overwhelming computational power and is sufficient to demonstrate the effect of instantaneous 




Figure J-1: Schematics of the control volume as well as the governing equations and boundary 
conditions used to simulate the wax concentration profile in presence of instantaneous bulk 
precipitation kinetics 
The predicted concentration profile as well as the equilibrium concentration profile is compared 











Top: θwax (dimensionless concentration) = 1
Bottom: θwax = 0 (dimensionless concentration)
Left and Right: periodic boundary condition
Front and Back: periodic boundary condition
Water-oil interface: no-flux normal to the surface
The equilibrium concentration, θwax,eq, varies linearly from 1 to 0 




























Figure J-2: 3D and 2D concentration contours of wax molecules in presence of instantaneous bulk 
precipitation 
As can be seen from Figure J-2, the wax concentration profile and the equilibrium concentration 
profile are identical in presence of instantaneous bulk precipitation kinetics.
equilibrium concentration
wax














Input Parameters for the Case Study of the Effect of Water Volume 
Fraction on Laboratory Scale Wax Deposition 
The viscosity of the oil used in the simulation is described by Equation (K-1). 
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The viscosity of the emulsion used in the simulation is described by Equation (K-2)164. 
   2E O W W W( ) exp 5 3 5.5· 1Pa s        (K-2) 
The solubility curve of the crude oil used in this simulation is fitted to a polynomial function 
shown in Equation (K-3). 
 6 2 4 2
wax (wt.frac.) 4.9 ( )10 104 10.8 2.1
oC T TC       
 (K-3) 
Other input parameters used in simulation are summarized in Table K-1. 
Table K-1: Input parameters for the modeling of the lab scale wax deposition case study 
Length (m) 2.4
Diameter (mm) 41
Total flow rate (m
3
/hr) 5.63
Water volume fraction Varying
Inlet temperature  (°C) 27
Coolant temperature  (°C) 10






Input Parameters for the Case Study of the Effect of Water Volume 
Fraction on Field Scale Wax Deposition 
Table L-1: Summary of operating conditions in a field scale pipeline 
Length (km) 50
Diameter (mm) 324
Total flow rate (barrel per day) 86000
Water volume fraction varying
Inlet temperature (°C) 75
Sea bed temperature (°C) 4







Input Parameters for the Case Study on the Effect of Droplet Size 
on Wax Deposition 
The viscosity of the oil used in the simulation is described by Equation (M-1). 
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The viscosity of the emulsion used in the simulation is described by Equation (M-2)164. 
   2E O W W W( ) exp 5 3 5.5· 1Pa s        (M-2) 
The solubility curve of the crude oil used in this simulation is fitted to a polynomial function 
shown in Equation (M-3). 
 5 2 3 2
wax (wt.frac.) 8.6 (10 1) 2.1 0 101.3
oC T C T     
 (M-3) 
Other input parameters used in the simulation are summarized in Table M-1. 




Total flow rate (m
3
/hr) 0.22
Water volume fraction 0.5
Inlet temperature  (°C) 45
Coolant temperature  (°C) 5






Determination of the Phase Inversion Point of Water-Oil Mixture 
The viscosities of the water- oil mixture at various water contents were measured at 5 °C with a 
shear rate of 1s-1.  The water content at which a maximal viscosity was observed was defined as 
the phase inversion point.  The change of viscosity as a function of water content is shown in 
Figure N-1. 
 






























Steps to Perform Large Eddy Simulations (LES) 
In order to initiate the LES calculations with a fluctuating velocity profile, a steady state 
Reynolds Averaged Navier Stokes (RANS) simulation is first performed with the k   model 
and the fluid properties at the inlet of the pipeline. The RANS simulation was performed for 
3000 iterations to achieve a converged steady state velocity profile and turbulence 
characteristics. A locally fluctuating divergence-free velocity field was then generated with the 
method developed by Smirnov et al.165 based on the turbulence characteristics predicted by the 
RANS simulation.  The turbulence intensity of the fluctuating velocity field is estimated to be 
~5%, which is a typical value for fully developed turbulent flow with the corresponding 
Reynolds number.  The calculation of the turbulence intensity is shown below. 






where 'u  is the root-mean-square of the turbulent velocity fluctuation defined by Equation (O-








U  is the mean velocity calculated by Equation (O-3). 
 2
iU U  
(O-3) 















The volume averaged turbulence intensity is ~5%. 
For fully developed turbulent pipe flow, the turbulent intensity can also be estimated using 
Equation (O-5). 
 1/80.16ReI   (O-5) 



































The turbulent intensity estimated with the well-established empirical correlation corresponds 




Validation of the Implementation of LES 
Using the parameters at location 1, the pressure gradient obtained from the LES at this location is 
13 Pa/m, which is consistent with the prediction from Newtonian friction factor correlation, 14 
Pa/m. The statistical steady state radial velocity profile obtained from LES simulation was then 
compared with the velocity profile generated from a RANS simulation, and is shown in Figure 
P-1. 
 
Figure P-1: Predicted time-averaged radial velocity profiles from LES and RANS simulations 
Additionally, in the wall region, the results correspond well with the law of the wall, shown in 
Figure P-2.








































Figure P-2: Radial velocity profiles from LES and RANS compared with the law of the wall 


























Governing Equations for Heat and Mass Transfer Modeling Using 
LES and RANS 
In order to implement a LES for heat and mass transfer, the transport equation is first filtered to 
calculate the volume average of the variable over the computational cell, shown in Equation (Q-
1). 
  oil oil 0j
j j j
U
t x x x
 
  
    
         
 
(Q-1) 
The filter operation is emphasized by the overbar on the variables.  The filtered non-linear 
convection term, jU   is then decomposed into the resolved components, ·jU   and the 
unresolved component, defined according to Equation (Q-2). 
 
oil oil ·j j jU U    
 
(Q-2) 
j  represents the intensity of mixing of heat or mass by the turbulent eddies that are smaller than 
the cell size.  This term is calculated based on the “gradient-diffusion” hypothesis166, which 
suggests that the rate of heat or mass transfer due to turbulent eddies is directly proportional to 
the gradient of temperature or concentration with a turbulent diffusivity as the proportionality 




















the eddy momentum diffusivity associated 




Combining Equations (Q-1)- (Q-3) yields Equation (Q-5) 
  oil oil T,SGS· 0j




    
    
     
 
(Q-5) 
Equation (Q-5) will now be numerically solved to generate the solution profiles for temperature 
and concentration in non-Newtonian turbulent fluids.  The time-averaged solution profile is then 
determined based on the instantaneous solution profiles. 
Conventional CFD techniques such as RANS are commonly used to simulate heat and mass 
transfer in turbulent flow.  In RANS simulations, the time-averaged transport equation shown in 
Equation (Q-6) is solved.  We will also perform RANS simulation with the non-Newtonian fluid 
and demonstrate the limitation of RANS applications on non-Newtonian flows. 
  oil oil T· 0j
j j j
U
t x x x
 
  
   
    
     
 
(Q-6) 
 time-averaged temperature/concentration 
 
 
In this investigation, the conventional k   RANS model is used.  Based on this RANS model, 
the turbulent diffusivity of heat and mass can be estimated based on the momentum diffusivity, 





T turbulent  momentum diffusivity,( / )m s   
 
 
T T/ 0.85  ≃ T,SGS T,SGS/ 
 
T T/ 0.85  ≃
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where the momentum diffusivity can be calculated based on the turbulent kinetic energy as well 













turbulent kinetic energy per unit mass










Figure Q-1 shows the temperature/concentration profile in Newtonian turbulent flow predicted 
by RANS and LES. 
 
Figure Q-1: Predicted radial profile of temperature/concentration with RANS and LES 
As can be seen from Figure Q-1, excellent agreement between the RANS and LES predictions is 




Time Evolution of the Turbulent Kinetic Energy Leading to 
Turbulent-to-Laminar Transition 
The turbulent kinetic energy of a fluid packet at the centerline (r = 0), defined in Equation (R-1), 

















instantaneous velocity calculated by LES,( / )










Figure R-1: Time-evolution of turbulent kinetic energy (TKE) at the centerline 
The turbulent kinetic energy continuously oscillates near approximately 10-3 m2/s2 at locations 1 
and 3, shown in Figure R-1(a) and (b).  As can be seen in Figure R-1(c), the turbulent kinetic 
energy is dampened over the residence time as the fluid moves down the pipe and eventually 
reaches a negligible level for the case at location 5.

















































(a) Location 1: Newtonian, turbulent
(b) Location 3: non-Newtonian, turbulent





Effects of Rheological Parameters on Flow Regime Transition 
 
The laminar to turbulent transition occurs at a higher mean velocity as y  increases. 
 








Validation of the Pressure Gradient Prediction from the Chilton-
Stainsby Correlation 
Figure T-1 summarizes the predicted pressure gradient by LES and the Chilton-Stainsby friction 
factor correlation. 
 
Figure T-1: Comparison between the pressure gradient predictions by LES and Chilton-Stainsby 
correlation 
As can be seen from Figure T-1, the Chilton-Stainsby friction factor correlation can achieve 
consistent predictions with that from a more advanced modeling technique, i.e., LES.








































Input Parameters for Field Scale Wax Deposition Simulation 
The input parameters are listed in Table U-1. 
Table U-1: Input parameters for field scale wax deposition simulation 
 
Inner diameter, D (m) 0.305
Length, L (km) 23
Total flow rate, Q (m
3
/hr) 364.0
Inlet temperature (°C) 75
Ambient temperature (°C) 25






Oil/Wax heat capacity (J/kg/K) 2100
Oil/Wax thermal conductivity (W/m/K) 0.2
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